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∗
Abstract
A Banach symmetric space in the sense of O. Loos is a smooth Banach manifold M
endowed with a multiplication map µ : M ×M → M such that each left multiplication
map µx := µ(x, ·) (with x ∈ M) is an involutive automorphism of (M,µ) with the
isolated fixed point x. We show that morphisms of Lie triple systems of symmetric spaces
can be uniquely integrated provided the first manifold is 1-connected. The problem
is attacked by showing that a continuous linear map between tangent spaces of affine
Banach manifolds with parallel torsion and curvature is integrable to an affine map if it
intertwines the torsion and curvature tensors provided the first manifold is 1-connected
and the second one is geodesically complete. Further, we show that the automorphism
group of a connected Banach symmetric space M can be turned into a Banach–Lie group
acting smoothly and transitively onM . In particular,M is a Banach homogeneous space.
Keywords: Banach symmetric space, Lie triple system, affine Banach manifold, Cartan-
Ambrose-Hicks theorem, automorphism group
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1 Introduction
A symmetric space in the sense of O. Loos (cf. [Loo69]) is a smooth manifoldM endowed with
a multiplication map µ : M ×M → M such that each left multiplication map µx := µ(x, ·)
(with x ∈M) is an involutive automorphism of (M,µ) with the isolated fixed point x.
The tangent bundle (TM,Tµ) of a symmetric space (M,µ) is again a symmetric space
so that a smooth vector field on M is called a derivation if it is a morphism of symmetric
spaces. Each symmetry µx induces an involutive automorphism of the Lie algebra Der(M,µ)
of derivations. This provides an additional structure on the tangent space TxM , namely a
Lie triple system, and we obtain a functor Lts from the category of pointed symmetric spaces
to the category of Lie triple systems.
The purpose of this paper is to start working towards a Lie theory of symmetric spaces
modelled on Banach spaces. From [Nee02], [Lan01] and [Ber08], we extract some basic
material on infinite-dimensional symmetric spaces.
In the finite-dimensional case, O. Loos claims that morphisms of Lie triple systems of
symmetric spaces can be uniquely integrated provided the first manifold is 1-connected (cf.
[Loo69]). A connected symmetric space carries a natural affine connection such that mor-
phisms coincide with affine maps and such that morphisms of appendant Lie triple sys-
tems coincide with curvature intertwining maps. Therefore, the integrability problem can
be translated into the language of affine connections. Symmetric spaces are torsionfree and
geodesically complete and possess parallel curvature.
∗Technische Universita¨t Darmstadt, Schloßgartenstraße 7, D-64289 Darmstadt, Deutschland,
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Given a 1-connected affine manifold M1 and a geodesically complete affine manifold M2
with base points b1 and b2, respectively, O. Loos claims that a torsion and curvature inter-
twining map between the tangent spaces at the base points can be uniquely integrated to an
affine map from M1 to M2. Regrettably, his line of argument seems to be incomplete. He
actually shows only a local extension.
In [Amb56], W. Ambrose gives a theorem about the integration of an isometric isomor-
phism between tangent spaces of complete 1-connected Riemannian manifolds in the finite-
dimensional case. As a sequel to it, in [Hic59], N. Hicks deals with the case of affine manifolds.
Their work is based on the work of E´. Cartan (cf. [Car46]) and their results are known as
the theorem of Cartan–Ambrose–Hicks. This is also dealt with in [KN63] and in [Wol67]
and is generalized in [PR02] and [BH89] to the case of maps that are not necessarily isomor-
phisms. In [PR02], the theorem is proved by constructing affine maps via their graph and an
existence theorem for affine submanifolds. In [BH89], the maps are constructed between the
frame bundles over the manifolds rather than between the manifolds themselves, but likewise
with Cartan’s ‘technique of the graph’.
In this paper, we generalize in a first step the arguments in [Loo69] to the Banach case
to show that a continuous linear map A : Tb1M1 → Tb2M2 between tangent spaces of affine
Banach manifolds M1 and M2 with parallel torsion and curvature is locally integrable to an
affine map if it intertwines these tensors. In a second step, we globalize this theorem by
extension along piecewise geodesics and obtain that the map A is uniquely integrable to an
affine map f : M1 →M2 provided M1 is 1-connected and M2 is geodesically complete.
Applying these results to Banach symmetric spaces, we see that morphisms of Lie triple
systems of symmetric spaces can be uniquely integrated provided the first manifold is 1-
connected. As a further important result we show that the automorphism group of a con-
nected Banach symmetric space M is a Banach–Lie group acting smoothly and transitively
onM . In particular,M is a Banach homogeneous space. More precisely, we haveM ∼= G/Gb,
where the stabilizer Gb for a point b ∈M is an open subgroup of the group of fixed points in
G for the involution σ on G given by σ(g) := µb ◦g ◦µb with the symmetry µb at b (cf. [Nee02,
Ex. 3.9] for homogeneous symmetric spaces). This is a simple consequence of [Klo11], where
the author shows that the automorphism group of a connected geodesically complete affine
Banach manifold M can be turned into a Banach–Lie group acting smoothly on M .
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2 Affine Banach Manifolds
In this section, we first collect a number of definitions and properties concerning affine con-
nections on smooth Banach manifolds. Afterwards, we cite relevant statements concerning
affine and infinitesimal affine automorphisms: Given a connected affine Banach manifold
(M,∇), the Lie algebra Kill(M,∇) of infinitesimal automorphisms can be naturally turned
into a Banach–Lie algebra. If M is geodesically complete, then Kill(M,∇) consists of com-
plete vector fields and the automorphism group Aut(M,∇) can be turned into Banach–Lie
group acting smoothly on M .
2.1 Affine Connections on the Tangent Bundle
Let M be a smooth Banach manifold, π : TM →M be the natural projection of its tangent
bundle and πTM : TTM → TM be the natural projection of the tangent bundle of TM . Also
the map Tπ : TTM → TM makes TTM a vector bundle over TM (cf. [Lan01, p. 104]). The
composition π ◦ πTM turns TTM into a fiber bundle over M .
An affine connection on TM is a morphism B : TM ⊕ TM → TTM of fiber bundles
over M such that (πTM , Tπ) ◦ B = idTM⊕TM and such that B is bilinear, i.e., for each
x ∈ M , Bx : TxM ⊕ TxM → TTM is bilinear. Note that Bx(v, ·) : TxM → Tv(TM) and
Bx(·, w) : TxM → (Tπ)
−1(w) are indeed maps between Banach spaces. The pair (M,B) is
called an affine Banach manifold.
In a chart ϕ : U → V ⊆ E, an affine connection B can be written as
TTϕ ◦B ◦ (Tϕ⊕ Tϕ)−1 : TV ⊕ TV = V × E × E → TTV = V × E × E × E
(x, v, w) 7→ (x, v, w,Bϕx (v,w))
with a smooth map Bϕ : V → L2(E,E) from V into the space of continuous bilinear maps
E × E → E, which we call a local representation of B. Considering two charts ϕ1 and ϕ2,
the change of variable formula for the transition map h := ϕ2 ◦ ϕ
−1
1 is given by
Bϕ2
h(x)(dh(x)(v), dh(x)(w)) = d
2h(x)(v,w) + dh(x)(Bϕ1x (v,w)).
An affine connection can also be given by a covariant derivative ∇, i.e., by a collection
(∇U )U⊆M open of R-bilinear maps
∇U : V(U)× V(U)→ V(U), (ξ, η) 7→ (∇U )ξη
satisfying the conditions
(1) (∇U )fξη = f(∇
U )ξη (C
∞(U)-linearity in the first variable)
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(2) (∇U )ξ(fη) = (ξ.f)η + f(∇
U)ξη (derivation property)
for all ξ, η ∈ V(U) and smooth functions f ∈ C∞(U) such that the maps ∇U are compatible
in the sense that
((∇U1)ξη)|U2 = (∇
U2)ξ|U2η|U2
for all ξ, η ∈ V(U1), U2 ⊆ U1 ⊆M . In the following, we shall often suppress the index set U
by writing
∇ξη := (∇
U )ξη
for all ξ, η ∈ V(U).
There is a one-to-one correspondence between affine connections and covariant derivatives.
It is determined by the local formula
(∇ξη)
ϕ(x) = dηϕ(x)(ξϕ(x))−Bϕx (η
ϕ(x), ξϕ(x)),
where (∇ξη)
ϕ, ηϕ and ξϕ denote the local representations of the vector fields. As far as the
vector field ξ is concerned, (∇ξη)(x) only depends on ξ(x). Therefore, it make sense to define
∇vη for vectors v.
Given a smooth curve α : J → M , let γ : J → TM be a lift of α to TM , i.e., a curve on
TM satisfying π ◦γ = α. The derivative of γ along α is the unique lift ∇α′γ of α to TM that
in a chart ϕ : U → V ⊆ E has the expression
(∇α′γ)
ϕ(t) = (γϕ)′(t)−Bϕ
αϕ(t)(γ
ϕ(t), (αϕ)′(t)).
We also use the notation ∇α′(t)γ. A lift γ of α is said to be α-parallel if ∇α′γ = 0.
An affine connection induces parallel transport along smooth curves. For a curve
α : J →M and t0, t1 ∈ J , we denote it by
P t1t0 (α) : Tα(t0)M → Tα(t1)M.
It is a topological linear isomorphism and is defined by the property that for each v ∈ Tα(t0)M ,
the map
γv := P
(·)
t0
(α)(v) : J → TM
is the unique curve in TM that is α-parallel and satisfies γv(t0) = v. In any chart
ϕ : U → V ⊆ E, it then satisfies the linear differential equation
(γϕv )
′(t) = Bϕ
αϕ(t)(γ
ϕ
v (t), (α
ϕ)′(t))
and it is uniquely determined by satisfying these equations for a collection of charts covering
the curve α and by satisfying the initial condition γv(t0) = v. Along piecewise smooth curves,
we can define parallel transport, too, by composing it piecewise.
A geodesic is a curve α in M whose derivative α′ is α-parallel, i.e., ∇α′α
′ = 0. For each
v ∈ TxM, x ∈ M , for which the unique maximal geodesic αv : J → TM with α
′
v(0) = v
satisfies 1 ∈ J , we define
exp(v) := expx(v) := αv(1).
We denote the open domains of exp and expx by Dexp ⊆ TM and Dexpx ⊆ TxM , respectively,
and get smooth maps exp: Dexp →M and expx := exp |TxM∩Dexp : Dexpx →M . Each geodesic
α : J → TM with α′(0) = v satisfies α(t) = exp(tv). A manifold with an affine connection is
called geodesically complete if the domain of each maximal geodesic is all of R.
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Let V ⊆ Dexpx be an open neighborhood of 0 in TxM =: E that is star-shaped with
respect to 0 (i.e., [0, 1]V ⊆ V ) such that expx induces a diffeomorphism of V onto its open
image W . Then W is said to be a normal neighborhood of x. We call the chart
ϕ := (exp |WV )
−1 : W → V ⊆ E a normal chart at x. Normal neighborhoods do exist, as
expx : Dexpx → M induces a local diffeomorphism at 0 ∈ TxM , since T0 expx = idTxM (cf.
[Lan01, Th. IV.4.1]).
The definition of ∇ can be extended to tensor fields of type λ : (E1, E2) 7→ L
n(E1, E2),
1
where Ln(E1, E2) denotes the space of n-linear continuous maps E
n
1 → E2. There is a unique
collection
(∇U : V(U)× ΓLn(TU, TU)→ ΓLn(TU, TU))U⊆M open
of maps such that ((∇U1)ξω)|U2 = (∇
U2)ξ|U2ω|U2 for all ξ ∈ V(U1), ω ∈ ΓL
n(TU1, TU1),
U2 ⊆ U1 ⊆M , and such that
((∇U )ξω)(η1, . . . , ηn) = (∇
U )ξ(ω(η1, . . . , ηn))−
n∑
i=1
ω(η1, . . . , (∇
U )ξηi, . . . , ηn),
where η1, . . . , ηn denote any appropriate smooth vector fields. That is why we have a deriva-
tion property with respect to the n + 1 variables ω, η1, . . . , ηn. There will be no confusion
when we shall often suppress the index set U . As far as the vector field ξ is concerned,
(∇ξω)(x) depends only on ξ(x). Therefore it makes sense to define ∇vω for vectors v ∈ TxM ,
x ∈M . Then we have
(∇vω)(η1(x), . . . , ηn(x)) = ∇v(ω(η1, . . . , ηn))−
n∑
i=1
ω(x)(η1(x), . . . ,∇vηi, . . . , ηn(x)).
The definition of ∇α′ can be extended to lifts of α into L
n(TM,TM): Given a curve
α : J → M and lifts ω : J → Ln(TM,TM) and γ1, . . . , γn : J → TM of α, we denote by
ω(γ1, . . . , γn) the lift of α to TM defined by
ω(γ1, . . . , γn)(t) = ω(t)(γ1(t), . . . , γn(t)).
The derivative of a lift ω along α is the unique lift ∇α′ω of α to L
n(TM,TM) that satisfies
(∇α′ω)(γ1, . . . , γn) = ∇α′(ω(γ1, . . . , γn))−
n∑
i=1
ω(γ1, . . . ,∇α′γi, . . . , γn)
for all lifts γ1, . . . , γn of α to TM . We also use the notation ∇α′(t)ω. Then we have
(∇α′(t)ω)(γ1(t), . . . , γn(t)) = ∇α′(t)(ω(γ1, . . . , γn))−
n∑
i=1
ω(t)(γ1(t), . . . ,∇α′(t)γi, . . . , γn(t)).
A lift ω of α is said to be α-parallel if ∇α′ω = 0. In this case, parallel transport along α
commutes with ω in the sense that
ω(t1)
(
P t1t0 (α)(v1), . . . , P
t1
t0
(α)(vn)
)
= P t1t0 (α)
(
ω(t0)(v1, . . . , vn)
)
for all t0, t1 ∈ J and v1, . . . , vn ∈ Tα(t0)M .
The following proposition brings the definitions together.
1This means a tensor field of contravariant degree 1 and covariant degree n.
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Proposition 2.1. Let α : J →M be a curve on a manifold M . Then we have:
(1) For every smooth vector field η on M , the lift η ◦ α : J → TM of α satisfies
∇α′(t)(η ◦ α) = ∇α′(t)η
for all t ∈ J .
(2) For every tensor field ω : M → Ln(TM,TM) on M , the lift ω ◦ α : J → Ln(TM,TM)
of α satisfies
∇α′(t)(ω ◦ α) = ∇α′(t)ω
for all t ∈ J .
Proof: Cf. [Lan01, Cor. VIII.3.2 and Cor. VIII.3.6]. ✷
Further details can be found in [Lan01, IV, VIII and X], but basically for the case of
torsionfree connections. Cf. also [KN63], [Kli82] and [Ber08] for more material on connections.
2.2 Affine Maps
Given two affine manifolds (M1, B1) and (M2, B2), a map f : M1 → M2 is called affine,
if TTf ◦ B1 = B2 ◦ (Tf ⊕ Tf). Working with charts ϕ1 : U1 → V1 ⊆ E1 of M1 and
ϕ2 : U2 → V2 ⊆ E2 of M2 such that f(U1) = U2, this can be written as
d2fϕ(x)(v,w) + dfϕ(x)((Bϕ11 )x(v,w)) = (B
ϕ2
2 )fϕ(x)(df
ϕ(x)(v), dfϕ(x)(w)) (1)
for all x in the domain of the local representation fϕ : V1 → V2 of f and v,w ∈ E1.
Affine maps are compatible with parallel transport along curves, i.e., Tα(t1)f ◦ P
t1
t0
(α) =
P t1t0 (f ◦ α) ◦ Tα(t0)f for all curves α : J → M1 with t0, t1 ∈ J . Geodesics are mapped to
geodesics. Further, we have Tf(Dexp,1) ⊆ Dexp,2 and f ◦ exp = exp ◦Tf . A consequence is
that, given an affine map, its values on connected components are uniquely determined by
the tangent map at a single point, i.e., given affine maps f, g : M1 →M2 with Txf = Txg for
some x ∈M1, we have f = g if M1 is connected (cf. proof of [Nee02, Lem. 3.5]).
Affine maps are compatible with covariant derivatives of related vector fields, i.e.,
Tf(∇vη1) = ∇Tf(v)η2 for all v ∈ TM1 and η1 ∈ V(M1), η2 ∈ V(M2) with Tf ◦ η1 = η2 ◦ f .
2.3 Affine and Infinitesimal Affine Automorphisms
Let (M,∇) (= (M,B)) be an affine Banach manifold. A diffeomorphism f ∈ Diff(M) is
called an affine automorphism if it is affine. A vector field ξ ∈ V(M) is called an infinitesimal
affine automorphism if each flow map Flξt is an affine isomorphism. We denote the set of
all affine automorphisms by Aut(M,∇) and the set of all infinitesimal automorphisms by
Kill(M,∇) or Kill(M,B).
The property of a vector field ξ ∈ V(M) to be an infinitesimal affine automorphism can
be checked locally: For a chart ϕ : U → V ⊆ E of M , the local representation ξ
ϕ
: V → E
must satisfy
d2ξϕ(x)(v,w) + dξϕ(Bϕx (v,w))
= dBϕ(x)(ξϕ(x))(v,w) +Bϕx (dξ
ϕ(x)(v), w) +Bϕx (v, dξ
ϕ(x)(w)) (2)
for all x ∈ V and v,w ∈ E (cf. [Klo11, Rem. 3.10]).
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We assume that M is pure, i.e., that it has a single model space E. Then the set
Fr(M) := ∪x∈M Iso(E,TxM) (of topological linear isomorphisms) equipped with the projec-
tion q : Fr(M)→M, Iso(E,TxM) ∋ p 7→ x carries the structure of a smooth GL(E)-principal
bundle with respect to the action
ρ : Fr(M)×GL(E)→ Fr(M), (p, g) 7→ p.g := p ◦ g.
More precisely, for each chart ϕ : U → V ⊆ E of M , the map
Fr(ϕ) : Fr(U) → V ×GL(E) ⊆ E × gl(E)
Iso(E,TxU) ∋ p 7→ (ϕ(x), dϕ(x) ◦ p).
is a bundle chart of Fr(M), and we have
q(Fr(ϕ)−1(ϕ(x), g)) = x and Fr(ϕ)−1(ϕ(x), g1g2) = Fr(ϕ)
−1(ϕ(x), g1).g2
for all x ∈ U and g, g1, g2 ∈ GL(E). The bundle Fr(M) is called the frame bundle over M .
For further details, see [Bou07, 7.10.1].
A diffeomorphism f : M1 →M2 of Banach manifolds (modelled on E) induces a principal
bundle isomorphism Fr(f) : Fr(M1) → Fr(M2) over f defined by Fr(f)(p) = Txf ◦ p where
p ∈ Iso(E,TxM1).
Proposition 2.2 (cf. [Klo11, Prop. 3.11 and Cor. 3.12]). Given an affine Banach manifold
(M,∇), the set Kill(M,∇) is a subalgebra of the Lie algebra V(M) of smooth vector fields on
M . If M is connected, Kill(M,∇) can be turned into a Banach–Lie algebra whose Banach
space structure is uniquely determined by the requirement that for each p ∈ Fr(M), the map
Kill(M,∇)→ Tp(Fr(M)), ξ 7→
d
dt
∣∣∣∣
t=0
Fr(Flξt )(p)
is a closed embedding. Then, for each x ∈M , also the map
Kill(M,∇)→ TxM × L(TxM,TxM), ξ 7→
(
ξ(x), v 7→ ∇vξ
)
is a closed embedding of Banach spaces.
Theorem 2.3 (cf. [Klo11, Th. 3.14]). Let (M,∇) be an affine Banach manifold. If it is
geodesically complete, then all vector fields in Kill(M,∇) are complete.
Theorem 2.4 (cf. [Klo11, Th. 3.15]). Let (M,∇) be a connected affine Banach manifold that
is geodesically complete. The automorphism group Aut(M,∇) can be turned into a Banach–
Lie group such that
exp: Kill(M,∇)→ Aut(M,∇), ξ 7→ Fl−ξ1
is its exponential map. The natural map τ : Aut(M,∇)×M →M is a smooth action whose
derived action is the inclusion map Kill(M,∇) →֒ V(M), i.e., −Tτ(idM , x)(ξ, 0) = ξ(x).
3 Local Integration of Maps between Tangent Spaces to Affine
Maps
Let (M1,∇1) and (M2,∇2) be affine Banach manifolds with distinguished points b1 ∈M1 and
b2 ∈ M2 called the base points. A continuous linear map A : Tb1M1 → Tb2M2 between the
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tangent spaces at the base points is called locally integrable if there exists an affine map f
from an open neighborhood of b1 into M2 that satisfies Tb1f = A.
The main result of this section is that for affine manifolds with parallel torsion and
curvature tensors, such a map A is locally integrable if it intertwines these tensors in the base
points. The proof given here is close to that of O. Loos for the finite-dimensional case (cf.
[Loo69, pp. 104-111]).
3.1 Torsion and Curvature Tensor
Let (M,∇) be an affine Banach manifold. There exists a unique tensor field Tor of type
λ : (E1, E2) 7→ L
2(E1, E2) on M such that for any open set U in M and smooth vector fields
ξ, η on U , we have
Tor(ξ, η) = ∇ξη −∇ηξ − [ξ, η].
We shall call Tor the torsion tensor. Given a chart ϕ : U → V ⊆ E, a point x ∈ V and
vectors v,w ∈ E, we have
Torϕx(v,w) = B
ϕ
x (v,w) −B
ϕ
x (w, v).
The torsion tensor Tor is skew-symmetric, i.e., Torx(v,w) = −Torx(w, v) for all x ∈M and
v,w ∈ TxM . If it is identically zero, then the affine connection is called torsionfree or also
symmetric (and can then be described by using a spray, cf. [Lan01, IV, §3] or [Ber08, III.11]).
There exists a unique tensor field R of type λ : (E1, E2) 7→ L
3(E1, E2) on M such that
for any open set U in M and smooth vector fields ξ, η, ζ on U , we have
R(ξ, η, ζ) = ∇ξ∇ηζ −∇η∇ξζ −∇[ξ,η]ζ.
We shall call R the curvature tensor. Given a chart ϕ : U → V ⊆ E, a point x ∈ V and
vectors v,w, z ∈ E, we have
Rϕx (v,w, z) = B
ϕ
x (B
ϕ
x (z, w), v) −B
ϕ
x (B
ϕ
x (z, v), w)
+ dBϕ(x)(w)(z, v) − dBϕ(x)(v)(z, w).
The curvature tensor R is skew-symmetric with respect to the first two arguments, i.e.,
Rx(v,w, z) = −Rx(w, v, z) for all x ∈M and v,w, z ∈ TxM . For further details, see [Lan01,
IX, §1].
Every affine map f between two affine Banach manifolds (M1,∇1) and (M2,∇2), inter-
twines the torsion and curvature tensors in the sense that
Txf ◦ (Tor1)x = (Tor2)f(x) ◦ (Txf)
2 and Txf ◦ (R1)x = (R2)f(x) ◦ (Txf)
3
for all x ∈M1. This can be checked by working with charts.
3.2 Exterior Derivatives and Wedge Products
Let M be a Banach manifold and F a Banach space. The exterior derivative of an F -valued
n-form ω on M is the unique F -valued (n + 1)-form dω on M such that for any open set U
in M and smooth vector fields ξ0, . . . , ξn on U , we have
dω(ξ0, . . . , ξn)
=
n∑
i=0
(−1)iξi.(ω(ξ0, . . . , ξ̂i, . . . , ξn))
+
∑
i<j
(−1)i+jω([ξi, ξj], ξ0, . . . , ξ̂i, . . . , ξ̂j, . . . , ξn).
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Given a chart ϕ : U → V ⊆ E, its local representation (dω)ϕ is given by
(dω)ϕx(v0, . . . , vn) =
n∑
i=0
(−1)idωϕ(x)(vi)(v0, . . . , v̂i, . . . , vn).
with x ∈ V and vectors v0, . . . , vn ∈ E.
2 For every form ω, we have ddω = 0.
Let ω1 and ω2 be differential forms of degree n1 and n2 on M with values in F1 and F2,
respectively, and let β : F1 × F2 → F be a continuous bilinear map into a Banach space F .
The wedge product ω1 ∧β ω2 of ω1 and ω2 is defined as the F -valued (n1 + n2)-form on M
given by
(ω1 ∧β ω2)x(v1, . . . , vn1+n2)
=
1
n1!n2!
∑
σ∈Sn1+n2
sgn(σ)β
(
(ω1)x(vσ(1), . . . , vσ(n1)), (ω2)x(vσ(n1+1), . . . , vσ(n1+n2))
)
.
For its exterior derivative, we have the formula
d(ω1 ∧β ω2) = dω1 ∧β ω2 + (−1)
n1ω1 ∧β dω2.
Pull-backs are compatible with exterior derivatives and wedge products, i.e., given a
smooth map f : N →M of manifolds, we have formulas like
d(f∗ω) = f∗(dω) and f∗(ω1 ∧β ω2) = f
∗ω1 ∧β f
∗ω2.
For further details, cf. [Lan01, V, §3] concerning real-valued differential forms where β is the
multiplication in R, and cf. [Bou07, 8.3-8.5] concerning the general case.
3.3 Structure Equations
Throughout this section, let (M,∇, b) be an affine Banach manifold M with a point b ∈ M
called the base point. Let ϕ : W → V ⊆ TbM =: E be a normal chart at b. The base point
b can be joined with each x ∈ W by a unique3 geodesic αx : [0, 1] → W . It is given by
αx(t) := expb(tϕ(x)). Consequently, the exponential exp
W
b of the open submanifold W is
given by expb |V .
Given a vector v ∈ TbM , we define the smooth vector field
v∗ : W → TM, x 7→ P 10 (αx)(v)
and call it an adapted vector field. Note that, for each x ∈ M , the tangent space TxM is
given by {v∗(x) : v ∈ TbM}. For working in the chart ϕ, we define v¯
∗ : V → E for each
v¯ ∈ E such that v¯∗ is the local representation of v∗ where v := Tϕ−1(0, v¯). We shall define
several differential forms on W that describe the affine structure. The correctness of the
following definitions can be checked by working with local formulas. The map θ is defined as
the TbM -valued 1-form on W given by
θx = P
0
1 (αx) : TxW → TbM,
2The local representation ωϕ : V → Altn(E,F ) of the n-form ω can be considered as a Banach space valued
map with derivative dωϕ : V → L(E,Altn(E,F )).
3Indeed, given a geodesic α : [0, 1]→W with α(t) := expb(tv) and v ∈ TbM that joins b with x = expb(v),
its local representation αϕ maps the interval [0, 1] onto a compact set in V , so that there is a λ ∈ [0, 1[ such that
αϕ([0, 1]) ⊆ λV . If v /∈ V , then there is a t ∈ [0, 1] with tv ∈ V \λV , so that αϕ(t) = ϕ(expb(tv)) = tv ∈ V \λV
contradicts αϕ([0, 1]) ⊆ λV . Hence v lies in V , so that v = ϕ(x).
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and the connection form ω is defined as the L(TbM,TbM)-valued 1-form on W given by
ωx : TxW → L(TbM,TbM), ωx(v)(w) := θx(∇vw
∗)
with local representation
ωϕx¯ : E → L(E,E), ω
ϕ
x¯ (v¯)(w¯) := θ
ϕ
x¯
(
dw¯∗(x¯)(v¯)−Bϕx¯ (w¯
∗(x¯), v¯)
)
.
The torsion form Θ is defined as the TbM -valued 2-form on W given by
Θx : TxW × TxW → TbM, Θx(v,w) = θx(Torx(v,w)),
and the curvature form Ω is defined as the L(TbM,TbM)-valued 2-form given by
Ωx : TxW × TxW → L(TbM,TbM), Ωx(v,w)(z) := θx
(
Rx(v,w, z
∗(x))
)
.
Notice that the alternating properties are due to Torx(v, v) = 0 and Rx(v, v, ·) = 0, respec-
tively. Now, we can formulate the structure equations that describe the affine connection.
Proposition 3.1 (Structure equations of E´. Cartan). Let ev denote the evaluation map
ev : L(TbM,TbM)× TbM → TbM, (A, v) 7→ A(v)
and Γ the composition map
Γ: L(TbM,TbM)× L(TbM,TbM)→ L(TbM,TbM), (A,B) 7→ A ◦B.
Then the following equations hold:
(1) dθ + ω ∧ev θ = Θ.
(2) dω + ω ∧Γ ω = Ω.
Proof: For all v ∈ TbM , we put evv := ev(·, v). In the following, given any maps
f, g : W → L(TbM,TbM) and h : W → TbM , we denote by ev(f, h) : W → TbM ,
evv(f) : W → TbM and Γ(f, g) : W → L(TbM,TbM) the maps defined by ev(f, h)(x) :=
ev(f(x), h(x)), evv(f)(x) := evv(f(x)) and Γ(f, g)(x) := Γ(f(x), g(x)), respectively.
(1) The proof works as in the finite-dimensional case (cf. [Loo69, p. 106]). It suffices to
show that, given any vectors v,w ∈ TbM , we have
dθ(v∗, w∗) + (ω ∧ θ)(v∗, w∗) = Θ(v∗, w∗).
We observe
dθ(v∗, w∗) + (ω ∧ θ)(v∗, w∗)
= (v∗).(θ(w∗))− (w∗).(θ(v∗))− θ([v∗, w∗]) + ev(ω(v∗), θ(w∗))− ev(ω(w∗), θ(v∗))
= 0− 0− θ([v∗, w∗]) + θ(∇v∗w
∗)− θ(∇w∗v
∗) = θ(−[v∗, w∗] +∇v∗w
∗ −∇w∗v
∗)
= θ(Tor(v∗, w∗)) = Θ(v∗, w∗),
since θ(w∗)(x) ≡ w and θ(v∗)(x) ≡ v.
(2) Cf. [Loo69, pp. 106, 107] for the finite-dimensional case. There, vector fields onW can
be represented by F(W )-linear combinations of adapted vector fields, where F(W ) denotes
the algebra of real functions on W .
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It suffices to show that, given any vectors v,w, z ∈ TbM , we have
evz(dω(v
∗, w∗)) + evz((ω ∧ ω)(v
∗, w∗)) = evz(Ω(v
∗, w∗)).
We observe
evz(dω(v
∗, w∗)) = evz
(
(v∗).(ω(w∗))
)
− evz
(
(w∗).(ω(v∗))
)
− evz(ω([v
∗, w∗]))
= evz
(
(v∗).(ω(w∗))
)
− evz
(
(w∗).(ω(v∗))
)
− θ(∇[v∗,w∗]z
∗)
and
evz(Ω(v
∗, w∗)) = θ(R(v∗, w∗, z∗)) = θ(∇v∗∇w∗z
∗ −∇w∗∇v∗z
∗ −∇[v∗,w∗]z
∗),
so that we have to show
evz
(
(v∗).(ω(w∗))
)
− evz
(
(w∗).(ω(v∗))
)
+ evz
(
(ω ∧ ω)(v∗, w∗)
)
= θ(∇v∗∇w∗z
∗ −∇w∗∇v∗z
∗).
Since
evz((ω ∧ ω)(v
∗, w∗)) = evz
(
Γ(ω(v∗), ω(w∗))− Γ(ω(w∗), ω(v∗))
)
,
it suffices to show
evz
(
(v∗).(ω(w∗))
)
+ evz
(
Γ(ω(v∗), ω(w∗))
)
= θ(∇v∗∇w∗z
∗),
because then the same equation holds if v and w are interchanged. We have
evz
(
(v∗).(ω(w∗))
)
= evz(d(ω(w
∗)) ◦ v∗) = d
(
evz(ω(w
∗))
)
◦ v∗ = d(θ(∇w∗z
∗)) ◦ v∗
and
evz
(
Γ(ω(v∗), ω(w∗))
)
= ev(ω(v∗), θ(∇w∗z
∗)).
Abbreviating the vector field ∇w∗z
∗ by ξ, we have to prove
d(θ(ξ)) ◦ v∗ + ev(ω(v∗), θ(ξ)) = θ(∇v∗ξ).
Working in the chart ϕ, we shall show
d(θϕ(ξϕ))(x¯)(vx¯) + ω
ϕ
x¯ (vx¯)
(
θϕx¯ (ξ
ϕ(x¯))
)
= θϕx¯
(
dξϕ(vx¯)−B
ϕ
x¯ (ξ
ϕ(x¯), vx¯)
)
for all x¯ ∈ V , where vx¯ := (v
∗)ϕ(x¯). Putting u¯ := θϕx¯ (ξ
ϕ(x¯)), we have ξϕ(x¯) = u¯∗(x¯).
Computing the left hand side by applying the product rule to the first summand and the
formula for ωϕx¯ to the second one, we obtain
(dθϕ(x¯)(vx¯))(ξ
ϕ(x¯)) + θϕx¯ (dξ
ϕ(x¯)(vx¯)) + θ
ϕ
x¯
(
du∗(x¯)(vx¯)−B
ϕ
x¯ (u
∗(x¯), vx¯)
)
.
Therefore, we merely have to verify
(dθϕ(x¯)(vx¯))(u¯
∗(x¯)) + θϕx¯ (du
∗(x¯)(vx¯)) = 0.
Applying the product rule backwards yields the equivalent equation d(θϕ(u¯∗))(x¯)(vx¯) = 0,
which is true, since the differential vanishes, the map θϕ(u∗) being constant. ✷
Now we put V̂ := {(t, v) ∈ R × TbM : tv ∈ V } and consider the map Φ: V̂ → W defined
by Φ(t, v) := expb(tv). Its derivative is given by
T(t,v)Φ(t
′, v′) = Ttv expb(t
′v + tv′) = t′Ttv expb(v) + tTtv expb(v
′). (3)
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Given (t, v) ∈ V̂ , we have
v∗(expb(tv)) =
d
dt
expb(tv) = Ttv expb(v) (4)
and hence
θexpb(tv)(Ttv expb(v)) = v. (5)
Let us denote the projections from V̂ ⊆ R × TbM onto its components by λR and λTbM .
Sometimes, we shall use these symbols also for the projections from all of R×TbM , but there
will be no confusion.
Lemma 3.2. Let θ̂ : V̂ → L(R× TbM,TbM) be the TbM -valued 1-form defined by
θ̂(t,v)(t
′, v′) := tθexpb(tv)(Ttv expb(v
′))
and ω̂ : V̂ → L(R× TbM,L(TbM,TbM)) the L(TbM,TbM)-valued 1-form defined by
ω̂(t,v)(t
′, v′) := tωexpb(tv)(Ttv expb(v
′)).
Then we have
(1) Φ∗θ = λTbM dλR + θ̂ : V̂ → L(R× TbM,TbM) and
(2) Φ∗ω = ω̂ : V̂ → L(R× TbM,L(TbM,TbM)).
Proof: The proof works as in the finite-dimensional case (cf. [Loo69, p. 107]).
(1) By using (3) and (5), we get:
(Φ∗θ)(t,v)(t
′, v′) = θΦ(t,v)(T(t,v)Φ(t
′, v′))
= θexpb(tv)(t
′Ttv expb(v) + tTtv expb(v
′))
= t′θexpb(tv)(Ttv expb(v)) + tθexpb(tv)(Ttv expb(v
′))
= t′v + θ̂(t,v)(t
′, v′).
(2) By a simple computation, as in the proof of (1), we get
(Φ∗ω)(t,v)(t
′, v′) = ωΦ(t,v)(T(t,v)Φ(t
′, v′))
= t′ωexpb(tv)(Ttv expb(v)) + tωexpb(tv)(Ttv exp(v
′))
= t′ωexpb(tv)(Ttv expb(v)) + ω̂(t,v)(t
′, v′).
It remains to check that the first summand vanishes. For every z ∈ TbM , we have
t′ωexpb(tv)(Ttv expb(v))(z) = t
′θexpb(tv)(∇Ttv expb(v)z
∗)
(4)
= t′θexpb(tv)(∇α′(t)z
∗)
with the geodesic α : [0, t]→ W defined by α(t) := expb(tv). It suffices to show ∇α′(t)z
∗ = 0.
This is true, as z∗ ◦ α is α-parallel. ✷
Remark 3.3. Evidently, we have
θ̂(t,v)(t
′, 0) = 0 and ω̂(t,v)(t
′, 0) = 0.
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Lemma 3.4. The partial derivatives ∂1θ̂ and ∂1ω̂ can directly be expressed in terms of the
exterior derivatives dθ̂ and dω̂, respectively. We have
(1) ∂1θ̂(t, v)(t
′, v′) = (dθ̂)(t,v)((1, 0), (t
′, v′)) and
(2) ∂1ω̂(t, v)(t
′, v′) = (dω̂)(t,v)((1, 0), (t
′, v′))
for all (t, v) ∈ V̂ and (t′, v′) ∈ R× TbM .
Proof: We have
(dθ̂)(t,v)((1, 0), (t
′, v′)) = dθ̂(t, v)(1, 0)(t′ , v′)− dθ̂(t, v)(t′, v′)(1, 0), 4
Since dθ̂(t, v)(1, 0) = ∂1θ̂(t, v), the minuend equals ∂1θ̂(t, v)(t
′, v′). The subtrahend vanishes,
as
dθ̂(t, v)(t′, v′)(1, 0) = d(ev(1,0) ◦θ̂)(t, v)(t
′, v′)
and ev(1,0) ◦θ̂ = 0 by Remark 3.3, where ev(1,0) : L(R × TbM,TbM) → TbM denotes the
evaluation map A 7→ A(1, 0). This proves (1). An analogous argument shows (2). ✷
Proposition 3.5. The forms θ̂ and ω̂ satisfy the system of ordinary differential equations
∂1θ̂(t, v) = λTbM + ω̂(t,v) · v + (Φ
∗Θ)(t,v)((1, 0), ·) (6)
∂1ω̂(t, v) = (Φ
∗Ω)(t,v)((1, 0), ·) (7)
with initial conditions θ̂(0, v) = 0 and ω̂(0, v) = 0, where ω̂(t,v) ·v ∈ L(R×TbM,TbM) denotes
the map defined by
(ω̂(t,v) · v)(t
′, v′) := ω̂(t,v)(t
′, v′)(v).
Proof: Cf. [Loo69, p. 108] for the finite-dimensional case, where basic representations of
differential forms are used. The main idea is to take the pull-back of the structure equations
by Φ. The initial conditions are obvious by the definition of θ̂ and ω̂ (cf. Lemma 3.2).
(6): From Proposition 3.1(1) and Lemma 3.2(1), we obtain
d(λTbM dλR + θ̂) + ω̂ ∧ev (λTbM dλR + θ̂) = Φ
∗Θ.
Expressing λTbM dλR by the wedge product λTbM ∧mdλR, wherem : TbM×R→ TbM denotes
the scalar multiplication, we have
d(λTbM dλR) = dλTbM ∧m dλR + (−1)
0λTbM ∧m d(dλR) = dλTbM ∧m dλR,
5
so that
dλTbM ∧m dλR + dθ̂ + ω̂ ∧ev (λTbM dλR) + ω̂ ∧ev θ̂ = Φ
∗Θ.
We shall evaluate this at (t, v)((1, 0), (t′ , v′)): The first summand yields
(dλTbM ∧m dλR)(t, v)((1, 0), (t
′ , v′))
= dλTbM (t, v)(1, 0)dλR(t, v)(t
′, v′)− dλTbM (t, v)(t
′, v′)dλR(t, v)(1, 0)
= 0t′ − v′1 = −v′
4Note that the 1-form θ̂ : V̂ → L(R × TbM,TbM) can also be considered as a Banach space valued map
with derivative dθ̂.
5Note that the maps λR and λTbM can be considered as Banach space valued maps as well as 0-forms, but
that the derivatives dλR and dλTbM are equal to the exterior derivatives dλR and dλTbM . In particular, we
have d(dλR) = ddλR = 0.
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and the second one yields ∂1θ̂(t, v)(t
′, v′) by Lemma 3.4. The third summand yields
(ω̂ ∧ev (λTbM dλR))(t, v)((1, 0), (t
′ , v′))
= ω̂(t,v)(1, 0)((λTbM dλR)(t, v)(t
′, v′))− ω̂(t,v)(t
′, v′)((λTbM dλR)(t, v)(1, 0))
= −ω̂(t,v)(t
′, v′)(v),
since ω̂(t,v)(1, 0) = 0 by Remark 3.3, and the last one yields
(ω̂ ∧ev θ̂)(t, v)((1, 0), (t
′ , v′)) = ω̂(t,v)(1, 0)(θ̂(t,v)(t
′, v′))− ω̂(t,v)(t
′, v′)(θ̂(t,v)(1, 0)) = 0,
since ω̂(t,v)(1, 0) = 0 and θ̂(t,v)(1, 0) = 0 by Remark 3.3. We thus arrive at
−v′ + ∂1θ̂(t, v)(t
′, v′)− ω̂(t,v)(t
′, v′)(v) = (Φ∗Θ)(t,v)((1, 0), (t
′, v′)),
which entails (6).
(7): From Proposition 3.1(1) and Lemma 3.2(1), we obtain
dω̂ + ω̂ ∧Γ ω̂ = Φ
∗Ω.
We shall evaluate this at (t, v)((1, 0), (t′ , v′)): The first summand yields ∂1ω̂(t, v)(t
′, v′) by
Lemma 3.4. The second one yields
(ω̂ ∧Γ ω̂)(t, v)((1, 0), (t
′ , v′)) = ω̂(t,v)(1, 0) ◦ ω̂(t,v)(t
′, v′)− ω̂(t,v)(t
′, v′) ◦ ω̂(t,v)(1, 0) = 0,
since ω̂(t,v)(1, 0) = 0 by Remark 3.3. Therefore, we obtain (7). ✷
Corollary 3.6. If the torsion tensor Tor and the curvature tensor R both are parallel on W ,
i.e., ∇v Tor = 0 and ∇vR = 0 for all vectors v ∈ TW , then we have
∂1θ̂(t, v)(t
′, v′) = v′ + ω̂(t,v)(t
′, v′)(v) + Torb(v, θ̂(t,v)(t
′, v′)) and
∂1ω̂(t, v)(t
′, v′) = Rb(v, θ̂(t,v)(t
′, v′), ·)
for all (t, v) ∈ V̂ and (t′, v′) ∈ R× TbM .
Proof: The proof works as in the finite-dimensional case (cf. [Loo69, p. 109]). We shall prove
these assertions in two steps.
Step 1: Observe that Θ(v∗, w∗)(x) ≡ Torb(v,w) and Ω(v
∗, w∗)(x) ≡ Rb(v,w, ·) for
all x ∈ W and v,w ∈ TbM . Due to Θ(v
∗, w∗) = θ(Tor(v∗, w∗)) and Ω(v∗, w∗)(x)(z) =
θ(R(v∗, w∗, z∗))(x) (given z ∈ TbM), it suffices to show that Tor(v
∗, w∗) and R(v∗, w∗, z∗)
both are parallel along each geodesic αx (see above) emanating from b, but this is true, as
the curves v∗ ◦ αx, w
∗ ◦ αx and z
∗ ◦ αx are αx-parallel and as parallel transport commutes
with parallel tensors (cf. Section 2.1).
Step 2: Observe that (Φ∗Θ)(t,v)((1, 0), (t
′ , v′)) = Torb(v, θ̂(t,v)(t
′, v′)) for all (t, v) ∈ V̂
and (t′, v′) ∈ R× TbM , as well as (Φ
∗Ω)(t,v)((1, 0), (t
′ , v′)) = Rb(v, θ̂(t,v)(t
′, v′), ·). By Step 1,
we have
(Φ∗Ω)(t,v)((1, 0), (t
′, v′)) = ΩΦ(t,v)(T(t,v)Φ(1, 0), T(t,v)Φ(t
′, v′))
= Rb
(
θΦ(t,v)(T(t,v)Φ(1, 0)), θΦ(t,v)(T(t,v)Φ(t
′, v′)), ·
)
(5)
= Rb
(
v, (Φ∗θ)(t,v)(t
′, v′), ·
)
,
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This equals Rb(v, t
′v + θ̂(t,v)(t
′, v′), ·) by Lemma 3.2, which entails the assertion, since
t′Rb(v, v, ·) vanishes, the curvature tensor being skew-symmetric with respect to the first
two arguments. Similarly, we have
(Φ∗Θ)(t,v)((1, 0), (t
′, v′)) = ΘΦ(t,v)(T(t,v)Φ(1, 0), T(t,v)Φ(t
′, v′))
= Torb
(
θΦ(t,v)(T(t,v)Φ(1, 0)), θΦ(t,v)(T(t,v)Φ(t
′, v′))
)
(5)
= Torb
(
v, (Φ∗θ)(t,v)(t
′, v′)
)
,
which equals Torb(v, t
′v + θ̂(t,v)(t
′, v′)) by Lemma 3.2 and entails the assertion, since
t′Torb(v, v) vanishes. ✷
3.4 Affine Maps between Normal Neighborhoods
Throughout this section, let (M1,∇1, b1) and (M2,∇2, b2) be affine Banach manifolds with base
points. For the sake of readability, we shall usually suppress the indices for ∇. Let W1 and
W2 be normal neighborhoods of b1 and b2, respectively, and let ϕ1 : W1 → V1 ⊆ Tb1M =: E1
and ϕ2 : W2 → V2 ⊆ Tb2M =: E2 be the associated normal charts. We denote the maps
defined in Section 3.3 with supplementary indices. A map f from a base-point containing
subset of M1 into M2 is said to be base-point preserving if f(b1) = b2.
The following proposition characterizes affine maps between normal neighborhoods by
means of the forms θ̂ and ω̂.
Proposition 3.7. Let f : W1 → W2 be a base-point preserving smooth map. Then the fol-
lowing conditions are equivalent:
(a) The map f is affine.
(b) The map f is compatible with adapted vector fields and covariant derivatives of adapted
vector fields, i.e., we have
Tf ◦ w∗ = (Tb1f(w))
∗ ◦ f and
Txf(∇vw
∗) = ∇Txf(v)(Tb1f(w))
∗
for all x ∈W1, v ∈ TxM1 and w ∈ Tb1M1.
(c) We have
Tb1f ◦ (θ1)x = (f
∗θ2)x and
Tb1f ◦ (ω1)x(v) = (f
∗ω2)x(v) ◦ Tb1f
for all x ∈W1 and vectors v ∈ TxM1.
(d) We have
(Tb1f)(V1) ⊆ V2 and f ◦ expb1 |V1 = expb2 ◦Tb1f |V1 ,
so that
B : V̂1 → V̂2, (t, v) 7→ (t, Tb1f(v))
defines a map. The equations
Tb1f ◦ (θ̂1)(t,v) = (B
∗θ̂2)(t,v) and
Tb1f ◦ (ω̂1)(t,v)(t
′, v′) = (B∗ω̂2)(t,v)(t
′, v′) ◦ Tb1f
hold for all (t, v) ∈ V̂1 and (t
′, v′) ∈ R× Tb1M1.
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Proof: Cf. [Loo69, pp. 109-110] for the finite-dimensional case.
(a)⇒(d): In a first step, we shall deduce (b). Given any x ∈W1, the geodesic f ◦αx joins
(f ◦ αx)(0) = b2 with (f ◦ αx)(1) = f(x) and is therefore equal to αf(x). We have
(Tf ◦ w∗)(x) = Tf(P 10 (αx)(w)) = P
1
0 (f ◦ αx)(Tf(w))
= P 10 (αf(x))(Tf(w)) = (Tf(w))
∗(f(x)),
i.e., f is compatible with adapted vector fields. Then w∗ and (Tb1f(w))
∗ being f -related,
also the second equation in (b) holds. We shall now deduce (c). Similarly to the preceding
considerations, we obtain
Tb1f ◦ (θ1)x = Tb1f ◦ P
0
1 (αx) = P
0
1 (αf(x)) ◦ Txf
= (θ2)f(x) ◦ Txf = (f
∗θ2)x, (8)
which shows the first equation in (c). Given any w ∈ Tb1M , we have
(Tb1f ◦ (ω1)x(v))(w) = Tb1f((θ1)x(∇vw
∗))
(8)
= (θ2)f(x)(Txf(∇vw
∗))
(b)
= (θ2)f(x)(∇Txf(v)(Tb1f(w))
∗) = (ω2)f(x)(Txf(v))(Tb1f(w))
= (f∗ω2)x(v)(Tb1f(w)),
which shows the second equation in (c). Finally, we shall deduce (d). As, for i = 1, 2, the
exponential expWibi of Wi is given by expbi |Vi , we have
(Tb1f)(V1) ⊆ V2 and f ◦ expb1 |V1 = expb2 ◦Tb1f |V1 .
A simple computation shows Φ2 ◦B = f ◦ Φ1. Hence, it follows that
Tb1f ◦ (Φ
∗
1θ1)(t,v) = Tb1f ◦ (θ1)Φ1(t,v) ◦ T(t,v)Φ1
(c)
= (f∗θ2)Φ1(t,v) ◦ T(t,v)Φ1
= (Φ∗1(f
∗θ2))(t,v) = (B
∗(Φ∗2θ2))(t,v),
i.e.,
Tb1f ◦ (λTb1M1 dλR + θ̂1)(t,v) = (B
∗(λTb2M2 dλR + θ̂2))(t,v),
by Lemma 3.2. As it is easy to check that
Tb1f ◦ (λTb1M1 dλR)(t,v) = (B
∗(λTb2M2 dλR))(t,v), (9)
we obtain the first equation in (d). The second one follows by
Tb1f ◦ (Φ
∗
1ω1)(t,v)(t
′, v′) = Tb1f ◦ (ω1)Φ1(t,v)(T(t,v)Φ1(t
′, v′))
(c)
= (f∗ω2)Φ1(t,v)(T(t,v)Φ1(t
′, v′)) ◦ Tb1f
= (Φ∗1(f
∗ω2))(t,v)(t
′, v′) ◦ Tb1f = (B
∗(Φ∗2ω2))(t,v)(t
′, v′) ◦ Tb1f,
since we have Φ∗1ω1 = ω̂1 and Φ
∗
2ω2 = ω̂2 by Lemma 3.2.
(d)⇒(c): By adding (9) and Tb1f ◦ (θ̂1)(t,v) = (B
∗θ̂2)(t,v), we get
Tb1f ◦ (Φ
∗
1θ1)(t,v) = (B
∗(Φ∗2θ2))(t,v),
for all (t, v) ∈ V̂1, due to λTb1M1 dλR+ θ̂1 = Φ
∗
1θ1 and λTb2M2 dλR+ θ̂2 = Φ
∗
2θ2 (cf. Lemma 3.2).
As above, we have Φ2 ◦B = f ◦Φ1, so that B
∗(Φ∗2θ2) = Φ
∗
1(f
∗θ2) and hence
Tb1f ◦ (θ1)Φ1(t,v) ◦ T(t,v)Φ1 = (f
∗θ2)Φ1(t,v) ◦ T(t,v)Φ1
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for all (t, v) ∈ V̂1. In order to show Tb1f ◦ (θ1)x = (f
∗θ2)x, we put t := 1 and v := ϕ1(x),
which entails Φ1(t, v) = x. Then we have
Tb1f ◦ (θ1)x ◦ T(1,v)Φ1 = (f
∗θ2)x ◦ T(1,v)Φ1.
Therefore, it suffices to show the surjectivity of T(1,v)Φ1. In fact, even the partial map
T(1,v)Φ1(0, ·)
(3)
= Tv expb1 is surjective, the exponential expb1 |
W
V being a diffeomorphism. Let us
now deduce the second equation in (c). From the second equation in (d) and from Φ∗1ω1 = ω̂1
and Φ∗2ω2 = ω̂2 (cf. Lemma 3.2), we immediately obtain
Tb1f ◦ (Φ
∗
1ω1)(t,v)(t
′, v′) = (B∗(Φ∗2ω2))(t,v)(t
′, v′) ◦ Tb1f
for all (t, v) ∈ V̂ and (t′, v′) ∈ R× Tb1M1. Due to B
∗(Φ∗2ω2) = Φ
∗
1(f
∗ω2), we then have
Tb1f ◦ (ω1)Φ1(t,v)(T(t,v)Φ1(t
′, v′)) = (f∗ω2)Φ1(t,v)(T(t,v)Φ1(t
′, v′)) ◦ Tb1f.
In order to show
Tb1f ◦ (ω1)x(w) = (f
∗ω2)x(w) ◦ Tb1f
for arbitrary x ∈W1 and w ∈ TxM1, we put t := 1 and v := ϕ1(x), which entails Φ1(t, v) = x.
Further, we put t′ := 0 and choose v′ in such a way that T(1,v)Φ1(0, v
′) = w, which is possible,
the map T(1,v)Φ1(0, ·) being an isomorphism (see above).
(c)⇒(b): Given any x ∈W1, we deduce from the first equation in (c) that Tb1f ◦P
0
1 (αx) =
P 01 (αf(x)) ◦ Txf, which is equivalent to P
1
0 (αf(x)) ◦ Tb1f = Txf ◦ P
1
0 (αx). Evaluating the
two sides at any w ∈ Tb1M1 and respecting that this holds for all x ∈ W1, we obtain
(Tb1f(w))
∗ ◦ f = Tf ◦ w∗, i.e., the first equation in (b). We shall deduce the second one.
Given any x ∈ W1, v ∈ TxM1 and w ∈ Tb1M1, we evaluate both sides of Tb1f ◦ (ω1)x(v) =
(f∗ω2)x(v) ◦ Tb1f at w and obtain
Tb1f((θ1)x(∇vw
∗)) = (θ2)f(x)(∇Txf(v)(Tb1f(w))
∗).
Since Tb1f ◦ (θ1)x = (f
∗θ2)x by (c), the left hand side equals (θ2)f(x)(Txf(∇vw
∗)), so that we
have
Txf(∇vw
∗) = ∇Txf(v)(Tb1f(w))
∗,
the map (θ2)f(x) being an isomorphism.
(b)⇒(a): Given any pair (ϕ1, ϕ2) of charts ϕ1 : Uϕ1 → Vϕ1 ⊆ E1 of W1 and
ϕ2 : Uϕ2 → Vϕ2 ⊆ E2 of W2 such that f(Uϕ1) ⊆ Uϕ2 , we shall verify that
d2fϕ(x¯)(v¯, w¯) + dfϕ(x¯)((Bϕ11 )x¯(v¯, w¯)) = (B
ϕ2
2 )fϕ(x¯)(df
ϕ(x¯)(v¯), dfϕ(x¯)(w¯)) (10)
for all x¯ ∈ Vϕ1 and v¯, w¯ ∈ E1. We put x := ϕ
−1
1 (x¯), v := Tϕ
−1
1 (x¯, v¯) and w :=
Tϕ−11 (x¯, w¯). From (b), we know that the smooth vector fields η1 := ((θ1)x(v))
∗ and η2 :=(
Tb1f((θ1)x(v))
)∗
satisfy
Tf ◦ η1 = η2 ◦ f and Txf(∇wη1) = ∇Txf(w)η2,
so that working in the charts lets us know
d2fϕ(x¯)(ηϕ11 (x¯), w¯) + df
ϕ(x¯)(dηϕ11 (x¯)(w¯)) = dη
ϕ2
2 (f
ϕ(x¯))(dfϕ(x¯)(w¯))
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(where we have taken the derivative at x¯ in direction w¯) and
dfϕ(x¯)
(
dηϕ11 (x¯)(w¯)− (B
ϕ1
1 )x¯(η
ϕ1
1 (x¯), w¯)
)
= dηϕ22 (f
ϕ(x¯))(dfϕ(x¯)(w¯))− (Bϕ22 )fϕ(x¯)
(
ηϕ22 (f
ϕ(x¯)), dfϕ(x¯)(w¯)
)
.
By subtracting the latter equation from the former one, we obtain
d2fϕ(x¯)(ηϕ11 (x¯), w¯) + df
ϕ(x¯)
(
(Bϕ11 )x¯(η
ϕ1
1 (x¯), w¯)
)
= (Bϕ22 )fϕ(x¯)
(
ηϕ22 (f
ϕ(x¯)), dfϕ(x¯)(w¯)
)
,
which leads to (10), since ηϕ11 (x¯) = v¯ and η
ϕ2
2 (f
ϕ(x¯)) = dfϕ(x¯)(v¯). ✷
Theorem 3.8. Assume that the torsion and curvature tensors Tor1, Tor2, R1 and R2 of
(M1,∇1, b1) and (M2,∇2, b2) are parallel onW1 andW2, respectively, i.e., we have ∇v Tor1 = 0
and ∇vR1 = 0 for all v ∈ TW1 and ∇v Tor2 = 0 and ∇vR2 = 0 for all v ∈ TW2. Then, for
each base-point preserving smooth map f : W1 →W2, the following conditions are equivalent:
(a) The map f is affine.
(b) The map f intertwines the torsion and curvature tensors in the base points and the
exponential maps expb1 |V1 and expb2 |V2 , i.e., we have
Tb1f ◦ (Tor1)b1 = (Tor2)b2 ◦ (Tb1f)
2 and Tb1f ◦ (R1)b1 = (R2)b2 ◦ (Tb1f)
3
as well as
(Tb1f)(V1) ⊆ V2 and f ◦ expb1 |V1 = expb2 ◦Tb1f |V1 .
Proof: The proof works as in the finite-dimensional case (cf. [Loo69, p. 111]). Note that
O. Loos there claims a stronger result (cf. Rem. 3.10).
(a)⇒(b) is clear.
(b)⇒(a): It suffices to show Condition (d) of Proposition 3.7, i.e.,
Tb1f · θ̂1 = B
∗θ̂2 and
Tb1f · ω̂1 = B
∗ω̂2 · Tb1f,
where · denotes the appropriate maps. To verify these equations, we pursue the idea to show
that the pairs (Tb1f · θ̂1, Tb1f · ω̂1) and (B
∗θ̂2, B
∗ω̂2 ·Tb1f) satisfy the same system of ordinary
differential equations with initial conditions. Then they are equal by the Uniqueness Theorem
(cf. [Lan01, pp. 70, 72]). We claim that (Tb1f · θ̂1, Tb1f · ω̂1) satisfies the two equations
∂1(Tb1f · θ̂1)(t, v)(t
′, v′) (11)
= Tb1f(v
′) + (Tb1f · ω̂1)(t, v)(t
′, v′)(v) + (Tor2)b2(Tb1f(v), (Tb1f · θ̂1)(t, v)(t
′, v′))
∂1(Tb1f · ω̂1)(t, v)(t
′, v′) = (R2)b2(Tb1f(v), (Tb1f · θ̂1)(t, v)(t
′, v′), ·) ◦ Tb1f (12)
with initial conditions (Tb1f · θ̂1)(0, v) = 0 and (Tb1f · ω̂1)(0, v) = 0 for all (t, v) ∈ V̂1 and
(t′, v′) ∈ R× Tb1M1. We further claim that (B
∗θ̂2, B
∗ω̂2 · Tb1f) satisfies the two equations
∂1(B
∗θ̂2)(t, v)(t
′, v′) (13)
= Tb1f(v
′) + (B∗ω̂2 · Tb1f)(t, v)(t
′, v′)(v) + (Tor2)b2(Tb1f(v), (B
∗θ̂2)(t, v)(t
′, v′))
∂1(B
∗ω̂2 · Tb1f)(t, v)(t
′, v′) = (R2)b2(Tb1f(v), (B
∗θ̂2)(t, v)(t
′, v′), ·) ◦ Tb1f (14)
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with initial conditions B∗θ̂2(0, v) = 0 and (B
∗ω̂2 · Tb1f)(0, v) = 0. It suffices to check the
equations (11) - (14). Note that the initial conditions follow by the mere definitions of the
respective maps.
By Corollary 3.6, we have
∂1(Tb1f · θ̂1)(t, v)(t
′, v′) = (Tb1f ◦ ∂θ̂1(t, v))(t
′, v′)
= Tb1f
(
v′ + (ω̂1)(t,v)(t
′, v′)(v) + (Tor1)b1(v, (θ̂1)(t,v)(t
′, v′))
)
,
which equals
Tb1f
(
v′) + (Tb1f · ω̂1)(t, v)(t
′, v′)(v) + (Tor2)b2(Tb1f(v), (Tb1f · θ̂1)(t, v)(t
′, v′))
)
,
as the map f intertwines the torsion tensors in the base points. Thus (11) is shown. Similarly,
(12) holds, since we have
∂1(Tb1f · ω̂1)(t, v)(t
′, v′) = Tb1f ◦ ∂ω̂1(t, v)(t
′, v′)
= Tb1f ◦ (R1)b1(v, (θ̂1)(t,v)(t
′, v′), ·)
= (R2)b2(Tb1f(v), (Tb1f · θ̂1)(t, v)(t
′, v′), ·) ◦ Tb1f,
the map f intertwining the curvature tensors in the base points.
The map B being a restriction of the continuous linear map idR×Tb1f , we have
∂1(B
∗θ̂2)(t, v)(t
′, v′) = (B∗(∂1θ̂2))(t, v)(t
′, v′) = ∂1θ̂2(B(t, v))(t
′, Tb1f(v
′)),
which equals
Tb1f(v
′) + (ω̂2)B(t,v)(t
′, Tb1f(v
′))(Tb1f(v)) + (Tor2)b2
(
Tb1f(v), (θ̂2)B(t,v)(t
′, Tb1f(v
′))
)
,
by Corollary 3.6, i.e.,
Tb1f(v
′) + (B∗ω̂2 · Tb1f)(t, v)(t
′, v′)(v) + (Tor2)b2(Tb1f(v), (B
∗θ̂2)(t, v)(t
′, v′)).
Thus (13) is shown. Similarly, (14) holds, since we have
∂1(B
∗ω̂2 · Tb1f)(t, v)(t
′, v′) = (B∗(∂1ω̂2))(t, v)(t
′, v′) ◦ Tb1f
= ∂1ω̂2(B(t, v))(t
′, Tb1f(v
′)) ◦ Tb1f
= (R2)b2
(
Tb1f(v), (θ̂2)B(t,v)(t
′, Tb1f(v
′)), ·
)
◦ Tb1f
= (R2)b2(Tb1f(v), (B
∗θ̂2)(t, v)(t
′, v′), ·) ◦ Tb1f.
✷
Corollary 3.9 (Local Integrability). We assume that the torsion and curvature tensors Tor1,
Tor2, R1 and R2 of (M1,∇1, b1) and (M2,∇2, b2) are parallel on certain neighborhoods of b1
and b2, respectively. For every continuous linear map A : Tb1M1 → Tb2M2 that intertwines
the torsion and curvature tensors in the base points in the sense that
A ◦ (Tor1)b1 = (Tor2)b2 ◦ A
2 and A ◦ (R1)b1 = (R2)b2 ◦A
3,
there exists an affine map f from an open neighborhood of b1 into M2 that satisfies Tb1f = A.
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Proof: We make the normal charts ϕ1 : W1 → V1 ⊆ E1 and ϕ2 : W2 → V2 ⊆ E2 sufficiently
small so that R1 and R2 are parallel on W1 and W2, respectively. If necessary, we again
shrink W1 such that A(V1) ⊆ V2. We define f : W1 →W2 by f := expb2 ◦A ◦ ϕ1 and have
f ◦ expb1 |V1 = expb2 ◦A|V1 , (15)
due to ϕ1 = (expb1 |
W1
V1
)−1. It suffices to check Tb1f = A, as then the map f is affine by
Theorem 3.8. By taking the derivative of both sides of (15) at 0b1 in any direction v ∈ Tb1M1,
we obtain
Tb1f(T0b1 expb1(v)) = TA(0b1 ) expb2(dA(0b1)(v)).
Due to T0bi expbi = idTbiMi for i = 1, 2, we then have Tb1f(v) = A(v), the map A being
continuous linear. Thus, Tb1f = A indeed holds. ✷
Remark 3.10. In [Loo69], O. Loos claims that in the finite-dimensional case, every linear
map A that intertwines the torsion and curvature tensors in the base points can be extended
to an affine map on any given normal neighborhood provided (M2,∇2, b2) is complete. Re-
grettably, his argument seems to be incomplete.
4 Integration of Maps between Tangent Spaces to Affine Maps
Let (M1,∇1, b1) and (M2,∇2, b2) be affine Banach manifolds with base points. A continuous
linear map A : Tb1M1 → Tb2M2 between the tangent spaces at the base points is called
integrable if there exists an affine map f : M1 → M2 that satisfies Tb1f = A. If M1 is
connected, then the map f is unique if it exists.
When knowing that A is integrable on a neighborhood of b1, we aim at global integra-
bility by the extension of local integrals along piecewise geodesics. The main result of this
section is that for 1-connected M1 and geodesically complete M2, a locally integrable map
A : Tb1M1 → Tb2M2 is integrable if and only if, in plain terms, extension along piecewise
geodesics is possible.
Combining this result with the theorem about local integrability, we observe that a con-
tinuous linear map A : Tb1M1 → Tb2M2 that intertwines the torsion and curvature tensors in
the base points is integrable if the manifolds have parallel torsion and curvature and if M1 is
1-connected and M2 is geodesically complete.
4.1 Piecewise Geodesics
Let (M,∇) be an affine Banach manifold. We recall that a geodesic in M is essentially
determined by a single point and its respective velocity vector. Different velocity vectors
along the geodesic are related by parallel transport.
A piecewise geodesic in M is a continuous curve α : I = [a, b] → M for which there is
a partition of I into intervals I1 = [t0, t1], I2 = [t1, t2], . . . , In = [tn−1, tn] such that the
restrictions α1 := α|I1 , . . . , αn := α|In are geodesics in M . We shall often use the notation
α = (α1, . . . , αn).
The curve can be described by the following data: by a distinguished time d ∈ I and its
respective point α(d), by the time points t0, . . . , tn and by the vectors v1, . . . , vn ∈ Tα(d)M
that satisfy
α′i(t) = P
t
d(α)(vi) for all t ∈ Ii = [ti−1, ti] with i = 1, . . . , n,
i.e., by the data (d, α(d); t0 ≤ t1 ≤ . . . ≤ tn; v1, . . . , vn). The curve is uniquely determined by
this data.
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Conversely, given data (d, x; t0 ≤ t1 ≤ . . . ≤ tn; v1, . . . , vn) with d ∈ [t0, tn], x ∈ M and
v1, . . . , vn ∈ TxM , there need not be a piecewise geodesic that can be described by them, but
there is one if (M,∇) is geodesically complete.
The following lemma is not surprising:
Lemma 4.1 (Change of data). Given a piecewise geodesic α that can be described by the
data (d, α(d); t0 ≤ t1 ≤ . . . ≤ tn; v1, . . . , vn), then for each d
′ ∈ [t0, tn], it can also be described
by the data (d′, α(d′); t0 ≤ t1 ≤ . . . ≤ tn;P
d′
d (α)(v1), . . . , P
d′
d (α)(vn)).
Lemma 4.2 (Geodesic connection). If M is connected, then, given any points x and y in
M , there is a piecewise geodesic α : [0, 1]→M that joins α(0) = x with α(1) = y.
Proof: Due to the possibility of reparametrization, we need not mind the domains of the
considered piecewise geodesics. Given some x ∈ M , let A be the set of all y ∈ M for which
there is a piecewise geodesic that joins x and y. To see that A is all of M , we shall show
that A and its complement Ac both are open. For each y ∈ M , we can consider a normal
neighborhood Uy and recall that y can be joined with each of its points by a geodesic. Hence,
if y ∈ A then Uy ⊆ A, and if y ∈ A
c then Uy ⊆ A
c. This shows that A and Ac both are open.
✷
The following lemma says that every point in M has a neighborhood in which points can
be joined by geodesics (that lie in M) such that the geodesics depend continuously on the
points. Moreover, geodesics that lie in the neighborhood are uniquely determined by their
endpoints.
Lemma 4.3. Let Φ: TM ⊇ Dexp → M ×M be the map defined by Φ(v) := (π(v), exp(v)),
where π : TM → M denotes the natural projection of the tangent bundle. For each x ∈ M ,
we have:
(1) There exists a triple (Ux,Φx,Wx), where Ux is an open neighborhood of 0x in Dexp ⊆
TM that contains the zero section of π(Ux), Φx := Φ|Ux is a diffeomorphism onto its
open image and Wx is an open neighborhood of x such that Φ(Ux) ⊇Wx ×Wx.
(2) Given any geodesic α : [0, 1]→M that lies in Wx and joins α(0) = y with α(1) = z, we
have α(t) = expy(tΦ
−1
x (y, z)) for all t ∈ [0, 1].
Proof: (1) is an easy consequence of the fact that Φ induces a local diffeomorphism at 0x,
since T0xΦ is a topological linear isomorphism (cf. [Lan01, Prop. 5.1]).
(2) Let v be in TyM such that α(t) = expy(tv). By definition, we have Φ(v) = (y, z). It
suffices to show that v ∈ Ux, as then v = Φ
−1
x (y, z). For this, let A be the set of all t ∈ [0, 1]
for which tv ∈ Ux. We shall show that A is all of [0, 1] and shall do this by checking that A
is open, closed and not empty. The latter is true, since 0v = 0y ∈ Ux. The openness of A is
clear by the openness of Ux.
To see the closedness of A, consider any sequence (tn)n∈N in A with limn→∞ tn = t ∈ [0, 1]
and check that t ∈ A. For this, we show that tv ∈ Ux, i.e., limn→∞ tnv ∈ Ux. The sequence
(tnv)n∈N in Ux converges in Ux if and only if the sequence (Φx(tnv))n∈N = (y, expy(tnv))n∈N
converges in im(Φx), but the latter is true, since limn→∞ expy(tnv) = expy(tv) = α(t) ∈Wx.
✷
Proposition 4.4. Let α0, α1 : [0, 1] → M be two piecewise geodesics with α0(0) = α1(0)
and α0(1) = α1(1). If there is a homotopy H : [0, 1] × [0, 1] → M between H(·, 0) = α0 and
H(·, 1) = α1, then there exists a homotopy H
′ between them such that each curve αs := H
′(·, s)
is a piecewise geodesic.
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Proof: Given a collection (Ux,Φx,Wx)x∈M of triples as in Lemma 4.3, we consider the
covering (H−1(Wx))x∈M of [0, 1]×[0, 1]. Let λ > 0 be a Lebesgue number of this covering, i.e.,
every subset of [0, 1]×[0, 1] whose diameter is less than λ is contained in at least one of the open
sets H−1(Wx) (cf. e.g. [Sch75, I.7.4]). We decompose [0, 1] into 0 = t0 < t1 < . . . < tn = 1
such that, for all i = 1, . . . , n, the restrictions of α0 and α1 to [ti−1, ti] are geodesics and
|ti−1 − ti| <
λ
2 .
We define H ′ on A :=
(
{t0, . . . , tn} × [0, 1]
)
∪
(
[0, 1] × {0, 1}
)
by H ′|A := H|A and target
a suitable extension. On each filled rectangle Ri := [ti−1, ti] × [0, 1], we need a contin-
uous extension of H ′|A such that (H
′|Ri)(·, s) is a piecewise geodesic for each s ∈ [0, 1].
Without loss of generality, we shall inspect R1 = [0, t1] × [0, 1]. For this, we consider an
equidistant decomposition 0 = s0 < s1 < . . . < sm of [0, 1] for which each parallelogram
Pj := P
(
(0, sj), (t1, sj−1), (t1, sj), (0, sj+1)
)
with j = 1, . . . ,m − 1 has diameter less than λ.
The triangles ∆0 := ∆
(
(0, 0), (t1, 0), (0, s1)
)
and ∆1 := ∆
(
(0, 1), (t1, sm−1), (t1, 1)
)
then both
have diameters less than λ, too. Let B be the union of all these parallelograms and triangles
and note that R1 is their union when considering the filled polygons. We extend H
′|A to B
by H ′|B := H|B . On each filled parallelogram and triangle, we need a suitable continuous
extension.
t0 ti tn
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
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❍
❍
❍
❍
t0 t1
s1
sj
sm
❍
❍
❍
❍
❍
❍
❍
❍❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
t0
s1
s2
t1
s0
s1
s
a(s) b(s)
To inspect firstly the parallelograms, we consider without loss of generality
P1 = P
(
(0, s1), (t1, 0), (t1, s1), (0, s2)
)
. For each s ∈ [0, s2], the line segment [0, 1] × {s}
intersects P1 in two points (a(s), s) and (b(s), s) with a(s) ≤ b(s) that coincide if s = 0 or
s = s2. The hereby defined maps a, b : [0, s2]→ [0, 1] are continuous. The filled parallelogram
P 1 is contained in some H
−1(Wx). We extend H
′|B to P 1 by inserting suitable geodesics, i.e.
(H ′|P 1)(t, s) :=
{
exp
(
t−a(s)
b(s)−a(s)Φ
−1
x
(
H ′|B(a(s), s),H
′|B(b(s), s)
))
if s 6= 0 and s 6= s2
H ′|B(t, s) if (t, s) ∈ {(t1, 0), (0, s2)}.
It is clear that H ′ is not redefined on the boundary P1. To verify the continuity, we have to
examine more closely the vertices v ∈ {(t1, 0), (0, s2)}: As
lim
(t,s)→v
Φ−1x
(
H ′|B(a(s), s),H
′|B(b(s), s)
)
= Φ−1x
(
H ′|B(v),H
′|B(v)
)
= 0H′|B(v)
and as t−a(s)
b(s)−a(s) ∈ [0, 1] is bounded, we obtain
lim
(t,s)→v
H ′|P 1(t, s) = exp(0H′|B(v)) = H
′|B(v).
Inspecting the triangles ∆0 and ∆1 works quite similarly. An additional subtlety is to
check that the geodesics (H ′|B)(·, 0) = α0|[0,t1] and (H
′|B)(·, 1) = α1|[0,t1] agree with
t 7→ exp
( t
t1
Φ−1x0
(
H ′|B(0, 0),H
′|B(t1, 0)
))
and t 7→ exp
( t
t1
Φ−1x1
(
H ′|B(0, 1),H
′|B(t1, 1)
))
,
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respectively, where the filled triangles are contained in some H−1(Wx0) and H
−1(Wx1), re-
spectively. As the geodesics lie in Wx0 and Wx1 , this is ensured by Lemma 4.3(2). ✷
Corollary 4.5. If M is simply connected, then, given any piecewise geodesics α0, α1 :
[0, 1]→M with α0(0) = α1(0) and α0(1) = α1(1), there is a homotopy H : [0, 1]× [0, 1] →M
between them such that each curve αs := H(·, s) is a piecewise geodesic.
4.2 The Images of Piecewise Geodesics under Maps between Tangent Spaces
Let (M1,∇1) and (M2,∇2) be affine Banach manifolds where the latter is geodesically com-
plete. Given a piecewise geodesic α described by the data
(d, α(d); t0 ≤ t1 ≤ . . . ≤ tn; v1, . . . , vn)
and given a continuous linear map A : Tα(d)M1 → TyM2 (with y ∈ M2), we define (d,A)∗α
as the piecewise geodesic given by the data
(d, y; t0 ≤ t1 ≤ . . . ≤ tn;A(v1), . . . , A(vn)).
It is easy to see that this is well-defined, i.e., regardless of the partition of the domain of α.
We shall mostly write A∗α instead of (d,A)∗α, if the distinguished time d is obvious by the
context, e.g., if we use indexed maps like Ad.
Definition 4.6. Given a piecewise geodesic α : I → M1 and a continuous linear map
Ad : Tα(d)M1 → TyM2, we put
At := P
t
d((Ad)∗α) ◦ Ad ◦ P
d
t (α) : Tα(t)M1 → T((Ad)∗α)(t)M2
for all t ∈ I. To avoid confusion, we sometimes write Aαt instead of At.
Lemma 4.7. Given a piecewise geodesic α : I → M1 and a continuous linear map
Ad : Tα(d)M1 → TyM2, we have:
(1) (At)∗α = (Ad)∗α for all t ∈ I.
(2) At = P
t
s((As)∗α) ◦ As ◦ P
s
t (α) for all t, s ∈ I.
Proof: (1) Let α be described by (d, α(d); t0 ≤ t1 ≤ . . . ≤ tn; v1, . . . , vn). For the sake
of readability, we shall omit the time points t0, . . . , tn. Then (Ad)∗α can be described by
(d, y; ;Ad(v1), . . . , Ad(vn)) or also by(
t, ((Ad)∗α)(t); ;P
t
d((Ad)∗α)(Ad(v1)), . . . , P
t
d((Ad)∗α)(Ad(vn))
)
(cf. Lemma 4.1). By change of data, we can describe α by (t, α(t); ;P td(α)(v1), . . . , P
t
d(α)(vn)),
so that (At)∗α is given by(
t, ((Ad)∗α)(t); ;At(P
t
d(α)(v1)), . . . , At(P
t
d(α)(vn))
)
.
By Definition 4.6, these data of (Ad)∗α and (At)∗α agree.
(2) We have
P ts((As)∗α) ◦ As ◦ P
s
t (α) = P
t
s((As)∗α) ◦ (P
s
d ((Ad)∗α) ◦Ad ◦ P
d
s (α)) ◦ P
s
t (α)
(1)
= P td((Ad)∗α) ◦ Ad ◦ P
d
t (α) = At.
✷
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Corollary 4.8. If we start in the situation of Definition 4.6 with the map Ad′ (induced by
Ad) for another distinguished time d
′, then we get the same collection of maps (At)t∈I .
Lemma 4.9. Given a piecewise geodesic α : I → M1 and an affine map f : M1 → M2, we
have f ◦ α = (Tα(d)f)∗α for all d ∈ I. The collection (Tα(t)f)t∈I is a collection in the sense
of Corollary 4.8.
Proof: Let α = (α1, . . . , αn) be described by (d, α(d); t0 ≤ t1 ≤ . . . ≤ tn; v1, . . . , vn). Then
(Tα(d)f)∗α is given by the data
(d, f(α(d)); t0 ≤ t1 ≤ . . . ≤ tn; (Tα(d)f)(v1), . . . , (Tα(d)f)(vn)).
To see that this data also describes f ◦ α, we have to check
(f ◦ αi)
′(t) = P td(f ◦ α)((Tα(d)f)(vi)) for all t ∈ Ii = [ti−1, ti] with i = 1, . . . , n.
The latter is true, since we have
(f ◦ αi)
′(t) = Tf(α′i(t)) = Tf(P
t
d(α)(vi)) = P
t
d(f ◦ α)(Tf(vi)),
affine maps being compatible with parallel transport. Hence, we have f ◦ α = (Tα(d)f)∗α.
As we have
Tα(t)f = P
t
s(f ◦ α) ◦ Tα(s)f ◦ P
s
t (α) = P
t
s((Tα(s)f)∗α) ◦ Tα(s)f ◦ P
s
t (α)
for all t, s ∈ I, the collection (Tα(t)f)t∈I is a collection in the sense of Corollary 4.8. ✷
4.3 Integration of Maps between Tangent Spaces
Proposition 4.10. Let (M1,∇1, b1) and (M2,∇2, b2) be affine Banach manifolds with base
points where the former is connected and the latter is geodesically complete. Given a contin-
uous linear map A : Tb1M1 → Tb2M2, the following are equivalent:
(a) Given any piecewise geodesics α, β : [0, 1]→M1 with α(0) = β(0) = b1 and α(1) = β(1),
we have Aα1 = A
β
1 for A
α
0 := A
β
0 := A. Further, each map A
α
1 is locally integrable to an
affine map g : Uα(1) → M2 with an open neighborhood Uα(1) of α(1) in the sense that
Tα(1)g = A
α
1 .
(b) There exists an affine map f : M1 →M2 that satisfies Tb1f = A.
Proof: (b)⇒(a): By Lemma 4.9, we have Aα1 = Tα(1)f and A
β
1 = Tβ(1)f , so that A
α
1 = A
β
1 .
(a)⇒(b): We define the map f : M1 →M2 by
f(α(1)) := ((Aα0 )∗α)(1) for all α : [0, 1]→M1 with α(0) = b1 and A
α
0 := A. (16)
Due to Lemma 4.2, f is defined on all of M . It is well-defined, as
α(1) = β(1)
(a)
⇒ Aα1 = A
β
1 ⇒ ((A
α
0 )∗α)(1) = ((A
β
0 )∗β)(1)
for all such piecewise geodesics α and β.
For each x ∈ M , we define the map Ax : TxM1 → Tf(x)M2 by Ax := A
α
1 , where
α : [0, 1] → M1 is any piecewise geodesic that joins b1 with x and where A
α
0 := A. It is
well-defined by (a). It is clear that Ab1 = A.
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We claim that
f(α(1)) = ((Aα0 )∗α)(1) for all α : [0, 1]→M1 with α(0) = x and A
α
0 := Ax.
To see this, let β : [−1, 0] → M1 be a piecewise geodesic that joins b1 with x and let
(β, α) : [−1, 1] → M1 be the piecewise geodesic that is obtained by composing β and α.
Putting A
(β,α)
−1 := A and applying the known formulas after reparametrization, we obtain
f(α(1)) = f((β, α)(1))
(16)
= ((A
(β,α)
−1 )∗(β, α))(1) = ((A
(β,α)
0 )∗(β, α))(1)
!
= ((Aα0 )∗(β, α))(1) = ((A
α
0 )∗α))(1),
since A
(β,α)
0 = Ax = A
α
0 .
We shall show that f is smooth and affine by working locally: Given any x ∈ M , we
integrate Ax to a smooth affine map g : Ux →M2 with Txg = Ax, where Ux is some connected
neighborhood of x. We claim that g is a restriction of f . Indeed, given any y ∈ Ux, we consider
some piecewise geodesic α : [0, 1] → Ux that joins x with y, so that g(y) = (g ◦ α)(1) and
f(y) = f(α(1)) = ((Aα0 )∗α)(1) with A
α
0 := Ax = Txg. By Lemma 4.9, we then have g = f |Ux.
In particular, we have Tb1f = Ab1 = A. ✷
Definition 4.11. Let (M1,∇1) and (M2,∇2) be affine Banach manifolds where the latter is
geodesically complete and let α : I →M1 be a piecewise geodesic. Given a collection (At)t∈I
of continuous linear maps in the sense of Corollary 4.8, we call it uniformly locally integrable
if there are open neighborhoods Ut of α(t) and affine maps ft : Ut → M2 with Tα(t)ft = At
for all t ∈ I and some decomposition α = (α1, . . . , αn) with geodesics αi : Ii → M1 (cf.
Section 4.1) such that Ut ⊇ im(αi) for all i = 1, . . . , n and t ∈ Ii.
Lemma 4.12. Let (M1,∇1) and (M2,∇2) be affine Banach manifolds where the latter is
geodesically complete and let α : I → M1 be a piecewise geodesic. Given a uniformly locally
integrable collection (At)t∈I , we have (with respect to the denotations of Definition 4.11)
Us ∩ Ut ⊇ im(αi) and fs|(Us∩Ut)c = ft|(Us∩Ut)c
for all i = 1, . . . , n and [s, t] ⊆ Ii, where (Us ∩ Ut)c is the (open) connected component of
(Us ∩ Ut) that contains im(αi).
Proof: By Section 2.2, it suffices to check Tαi(s)fs = Tαi(s)ft. The collections (Tαi(d)ft)d∈Ii
(cf. Lemma 4.9) and (Ad)d∈Ii agree, as in particular Tαi(t)ft = At. Hence, we have Tαi(s)ft =
As = Tαi(s)fs. ✷
Lemma 4.13. Let (M1,∇1) and (M2,∇2) be affine Banach manifolds where the latter is
geodesically complete and let α : I → M1 be a piecewise geodesic. Given a collection (At)t∈I
of continuous linear maps in the sense of Corollary 4.8, it is uniformly locally integrable if
and only if each map At is locally integrable.
Proof: Assume that there are open neighborhoods Vt of α(t) and affine maps gt : Vt → M2
with Tα(t)gt = At for all t ∈ I. They form a covering (Vt)t∈I of the image im(α) of α.
By a compactness argument, there is a finite subcover (Vt)t∈F , some decomposition α =
(α1, . . . , αn) with geodesics αi : Ii →M1 (cf. Section 4.1) and a map j : I → F such that for
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each t ∈ Ii, i = 1, . . . , n, the convex hull Ci,t := conv(Ii ∪ {j(t)}) satisfies Vj(t) ⊇ α(Ci,t).
6
For each t ∈ I, we then define Ut := Vj(t) and ft := gj(t) and claim that Tα(t)ft = At.
Indeed, the collections (Tα(d)ft)d∈Ci,t (cf. Lemma 4.9) and (Ad)d∈Ci,t agree, as in particular
Tα(j(t))ft = Tα(j(t))gj(t) = Aj(t). ✷
Proposition 4.14. Let (M1,∇1, b1) and (M2,∇2, b2) be affine Banach manifolds with base
points where the latter is geodesically complete. Given a continuous linear map
A : Tb1M1 → Tb2M2, two piecewise geodesics α0, α1 : [0, 1] → M1 with α0(0) = b1 = α1(0)
and α0(1) = α1(1) and a homotopy H : [0, 1]× [0, 1]→M1 between α0 and α1 such that each
curve αs := H(·, s) is a piecewise geodesic, we put A
αs
0 := A for each s ∈ [0, 1]. If for each
s ∈ [0, 1] and t ∈ I, the map Aαst is locally integrable, then A
αs
1 is independent of s.
Proof: We shall prove the assertion in three steps.
Step 1: For fixed s ∈ [0, 1], we consider some decomposition αs = (αs,1, . . . , αs,n) with
geodesics αs,i : Ii = [ti−1, ti]→M1 and affine maps ft : Ut →M2 as in Definition 4.11. Then
there is an open neighborhood V s of s in [0, 1] such that H([ti−1, ti]×V
s) ⊆ (Uti−1 ∩Uti)c for
all i = 1, . . . , n.
To see this, we put t−1 := t0 = 0 and tn+1 := tn = 1 for the sake of readability and observe
that for each i = 0, . . . , n, the open preimage H−1(Uti) contains [ti−1, ti+1]×{s}, so that, by
a compactness argument, there is an open convex neighborhood V si of s in [0, 1] such that
H([ti−1, ti+1]×V
s
i ) ⊆ Uti . By putting V
s := ∩ni=0V
s
i , we obtain H([ti−1, ti]×V
s) ⊆ Uti−1∩Uti
and hence H([ti−1, ti]× V
s) ⊆ (Uti−1 ∩ Uti)c for all i = 1, . . . , n.
Step 2: For fixed s ∈ [0, 1], we have A
αs′
1 = A
αs
1 for all s
′ ∈ V s. To see this, we
note Aαs1 = Tαs(1)f1 = Tαs′ (1)f1 and prove the more general assertion A
αs′
ti
= Tαs′ (ti)fti for
all i = 0, . . . , n. For i = 0 this is trivial, as A
αs′
0 = A = Tb1f0. It suffices to verify the
step i → i + 1 in the sense that we assume the assertion for given i < n and deduce it for
i + 1. We first note that αs′([ti, ti+1]) = H([ti, ti+1] × {s
′}) ⊆ (Uti ∩ Uti+1)c ⊆ Uti . The
collections (Tαs′ (d)fti)d∈[ti,ti+1] (cf. Lemma 4.9) and (A
αs′
d )d∈[ti,ti+1] agree, as in particular
Tαs′ (ti)fti = A
αs′
ti
, by assumption. Hence, we have Tαs′ (ti+1)fti = A
αs′
ti+1
. The maps fti and
fti+1 agreeing on (Uti ∩ Uti+1)c (cf. Lemma 4.12), we obtain Tαs′ (ti+1)fti+1 = A
αs′
ti+1
.
Step 3: Observe that Aαs1 is independent of s. To see this, let S be the set of all s ∈ [0, 1]
for which Aαs1 = A
α0
1 . We have to show that S is all of [0, 1]. Due to Step 2, the non-empty
set S and its complement Sc both are open in [0, 1], so that S = [0, 1] by the connectedness
of [0, 1]. ✷
Theorem 4.15. Let (M1,∇1, b1) and (M2,∇2, b2) be affine Banach manifolds with base points
where the former is 1-connected, i.e., connected and simply connected, and the latter is
geodesically complete. Given a continuous linear map A : Tb1M1 → Tb2M2, the following
are equivalent:
(a) Given any piecewise geodesic α : [0, 1]→M1 with α(0) = b1, the map A1 with A0 := A
(cf. Definition 4.6) is locally integrable.
(b) There exists an affine map f : M1 →M2 that satisfies Tb1f = A.
6 Let (Wt)t∈I be a covering of I where each Wt is an open convex neighborhood of t such that α(Wt) ⊆ Vt.
We choose a finite subset F of I such that for all adjacent points s and t in F , the neighborhoods Wt and
Ws intersect. We decompose I by choosing two points in each such intersection. Then we can define a map
j : I → F such that for each t ∈ I , the set Wj(t) covers the subinterval of I containing t. Note in this situation
that the dividing points belong to two intervals. Establishing a refinement ensures that we decompose α into
geodesic pieces.
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Proof: (b)⇒(a) is clear (cf. Lemma 4.9) and (a)⇒(b) follows immediately by Proposi-
tion 4.10, Proposition 4.14 and Corollary 4.5. ✷
Lemma 4.16. Let (M1,∇1) and (M2,∇2) be affine Banach manifolds where the latter is
geodesically complete and where the torsion and curvature tensors are parallel. Given a
piecewise geodesic α : I → M1 and a continuous linear map Ad : Tα(d)M1 → TyM2 (with
d ∈ I and y ∈ M2) that intertwines the torsion and curvature tensors in x := α(d) and y,
i.e.,
Ad ◦ (Tor1)x = (Tor2)y ◦ A
2
d and Ad ◦ (R1)x = (R2)y ◦A
3
d,
then each map of the collection (At)t∈I intertwines the torsion and curvature tensors in α(t)
and ((Ad)∗α)(t).
Proof: For each t ∈ I, we have At = P
t
d((Ad)∗α) ◦Ad ◦ P
d
t (α). Therefore, it suffices to show
that parallel transport along curves preserves torsion and curvature, but this is true, as these
tensors are assumed to be parallel (cf. Section 2.1). ✷
Theorem 4.17 (Integrability Theorem). Let (M1,∇1, b1) and (M2,∇2, b2) be affine Banach
manifolds with base points where the former is 1-connected and the latter is geodesically
complete and where the torsion and curvature tensors are parallel. For every continuous
linear map A : Tb1M1 → Tb2M2 that intertwines the torsion and curvature tensors in the base
points in the sense that
A ◦ (Tor1)b1 = (Tor2)b2 ◦ A
2 and A ◦ (R1)b1 = (R2)b2 ◦A
3,
there exists a unique affine map f : M1 →M2 that satisfies Tb1f = A.
Proof: The theorem follows by Theorem 4.15, Lemma 4.16 and Corollary 3.9. Cf. Section 2.2
for the uniqueness assertion. ✷
Remark 4.18. This theorem generalizes a special case of the theorem of Cartan–Ambrose–
Hicks to the Banach case, where furthermore the map A is not supposed to be an isomor-
phism. In [Amb56], W. Ambrose gives a theorem about the integration of an isometric
isomorphism between tangent spaces of complete 1-connected Riemannian manifolds in the
finite-dimensional case. As a sequel to it, in [Hic59], N. Hicks deals with the case of affine
manifolds. Their work is based on Cartan’s work on frames and connection 1-forms (cf.
[Car46]).
5 Banach Symmetric Spaces
In [Loo69], O. Loos defines symmetric spaces by means of a multiplication map µ on a finite-
dimensional manifoldM , where each left multiplication map µx (with x ∈M) is an involutive
automorphism of (M,µ) with the isolated fixed point x. In this section, we shall deal with
symmetric spaces in the context of Banach manifolds.
For each point of a symmetric space, there is a natural involutive automorphism of the Lie
algebra Der(M,µ) of derivations that is induced by the symmetry at this point. This provides
an additional structure on the tangent space, namely a Lie triple system. Furthermore, there
is a functor Lts from the category of pointed symmetric spaces to the category of Lie triple
systems.
The main results of this section are an integrability theorem about morphisms of Lie
triple systems and the fact that the automorphism group of a connected symmetric space M
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can be turned into a Banach–Lie group acting transitively on M . As a consequence, we shall
see that connected symmetric spaces are homogeneous.
To obtain these results, we shall equip a symmetric space with a canonical affine connec-
tion encoding the symmetric space structure in the sense that it has the same automorphisms.
Observing that symmetric spaces are torsionfree and have parallel curvature and that mor-
phisms of Lie triple systems of pointed symmetric spaces are just the curvature preserving
maps, we can apply the preceding results.
5.1 Banach Symmetric Spaces
A Banach symmetric space, simply called a symmetric space, is a smooth Banach manifold
M with a smooth multiplication µ : M ×M → M , written as µ(x, y) = x · y, such that for
all x, y, z ∈M , writing µx := µ(x, ·) for the left multiplication, the following properties hold:
(S1) x · x = x, i.e., µx(x) = x.
(S2) x · (x · y) = y, i.e., µ2x = idM .
(S3) x · (y · z) = (x · y) · (x · z), i.e., µx(y · z) = µx(y) · µx(z).
(S4) Every x has a neighborhood U such that x · y = y implies y = x for all y ∈ U , i.e., x is
an isolated fixed point of µx.
We mention (but will not make use of this) that (S4) can be replaced by the condition
(S4’) Txµx = − idTxM
(cf. [Nee02, Lem. 3.2]).7
A morphism between symmetric spaces (M1, µ1) and (M2, µ2) is a smooth map
f : M1 →M2 such that
f ◦ µ1 = µ2 ◦ (f × f),
i.e., f(x · y) = f(x) · f(y) for all x, y ∈ M1. The class of symmetric spaces and the class
of morphisms between them form a category, so that isomorphisms and automorphisms are
defined as usual. For each x ∈ M , the map µx is called the symmetry around x. Obviously,
it is an involutive automorphism of (M,µ). A pointed symmetric space is a triple (M,µ, b)
consisting of a symmetric space (M,µ) and a point b ∈M called the base point. A morphism
f between pointed symmetric spaces (M1, µ1, b1) and (M2, µ2, b2) is required to be base-point
preserving, i.e., f(b1) = b2. We call it a morphism of pointed symmetric spaces. Note that
µb ∈ Aut(M,µ, b).
Example 5.1 (Lie groups). Let G be a Banach–Lie group. Then the manifold G together
with the map µ(g, h) := gh−1g, where gh denotes the product in G, is a symmetric space.
In particular, if G is a Banach space, it becomes a symmetric space with the multiplication
µ(g, h) := 2g−h. For further details, see [Loo69, pp. 65-66], which carries over to the Banach
case.
7The proof of the cited lemma is incorrect, but reparable: Considering a local representation µϕx : V → V of
µx (for a suitable chart ϕ : U → V ⊆ E), we can turn V into an affine manifold making µ
ϕ
x an affine involutive
diffeomorphism. Since the set of all affine connections on V is an affine space (cf. [Ber08, 10.4]), such an affine
connection can be obtained as the midpoint of the trivial flat connection on V and its pushforward along µϕx .
Then we have µϕx ◦ expϕ(x) = expϕ(x) ◦Tϕ(x)µ
ϕ
x , entailing that ϕ(x) is an isolated fixed point of µ
ϕ
x if and only
if 0 ∈ Tϕ(x)V is an isolated fixed point of Tϕ(x)µ
ϕ
x , which is equivalent to Tϕ(x)µ
ϕ
x = − idTϕ(x)µ
ϕ
x
.
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Example 5.2 (Homogeneous spaces). Given a Banach–Lie group G and an involutive au-
tomorphism σ of G, let Gσ := {g ∈ G : σ(g) = g} be the subgroup of σ-fixed points and
K ⊆ Gσ an open subgroup. The quotient space M := G/K carries the structure of a Banach
manifold such that the quotient map q : G→ G/K is a submersion. It can be equipped with
a multiplication
µ(gK, hK) := gσ(g)−1σ(h)K
that turns it into a symmetric space. For further details, cf. [Nee02, Ex. 3.9].
Example 5.3 (Quadrics). Let E be a Banach space with a continuous symmetric bilin-
ear form 〈·, ·〉 : E × E → R. Given a ∈ R×, the quadric S := {x ∈ E : 〈x, x〉 = a} is a
(split) submanifold of E. Indeed, for any x ∈ E, the derivative df(x) of the smooth map
f : x 7→ 〈x, x〉 is given by
df(x) = 2〈x, ·〉
and is therefore surjective if x ∈ S. Furthermore, its kernel splits for x ∈ S, since E = x⊥⊕Rx
according to the decomposition
E ∋ y =
(
y −
〈x, y〉
〈x, x〉
x
)
+
〈x, y〉
〈x, x〉
x,
where x⊥ denotes the kernel of 〈x, ·〉. Hence the maps df(x) are submersions, so that due to
S = f−1(a), the quadric is a submanifold. Note that x⊥ = ker(df(x)) can be identified with
the tangent space TxS. For further details, see [Lan01, II, §2] which deals with the Hilbert
case.
By equipping S with the multiplication
µ(x, y) := 2
〈x, y〉
〈x, x〉
x− y,
we turn it into a symmetric space. The finite-dimensional case can be found in [Loo69, p. 66].
It carries over to the Banach case without difficulty.
Example 5.4 (Spaces of symmetric elements). Given a Banach–Lie group G and an involu-
tive automorphism σ of G, the set
Gσ := {g ∈ G : σ(g) = g
−1}
of symmetric elements is a (split) submanifold of G. Indeed, let
ϕ := (exp |UV )
−1 : U → V ⊆ L(G)
be an exponential chart with V = −V . Then for any g ∈ Gσ, the chart
ϕg := ϕ ◦ λg−1 |gU : gU → V
g exp(x) 7→ x
maps the intersection gU ∩Gσ onto {x ∈ V : g exp(x) ∈ Gσ}, which equals
{x ∈ V : exp
(
(L(σ) ◦Ad(g))(x)
)
= exp(−x)},
since
σ(g exp(x)) = (g exp(x))−1 ⇔ σ(g exp(x)g−1) = (exp(x))−1
⇔ exp
(
(L(σ) ◦ Ad(g))(x)
)
= exp(−x).
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We make the chart ϕg sufficiently small such that (L(σ) ◦ Ad(g))(V ) lies in the original V .
Then exp
(
(L(σ) ◦ Ad(g))(x)
)
= exp(−x) is equivalent to (L(σ) ◦ Ad(g))(x) = −x, so that
ϕg(gU ∩Gσ) = V ∩ {x ∈ L(G) : (L(σ) ◦ Ad(g))(x) = −x}.
The map L(σ)◦Ad(g) = L(σ◦cg) (where cg denotes the conjugation map) is an involution on
L(G) because σ◦cg is an involution on G. Hence, the set {x ∈ L(G) : (L(σ)◦Ad(g))(x) = −x}
is a closed subspace of L(G) that is complemented by {x ∈ L(G) : (L(σ) ◦Ad(g))(x) = x}.
If we view the Lie group G as a symmetric space (cf. Example 5.1), the submanifold Gσ
inherits this structure, since it is stable under products:
g, h ∈ Gσ ⇒ σ(gh
−1g) = σ(g)σ(h)−1σ(g) = g−1hg−1 = (gh−1g)−1
⇒ g · h = gh−1g ∈ Gσ
Hence, (Gσ , µ) with µ(g, h) := gh
−1g = gσ(h)g is a symmetric space.
Example 5.5 (Spaces of involutions). (a) Given a Banach–Lie group G, the set
Invol(G) := {g ∈ G : g2 = 1} = {g ∈ G : g = g−1}
of involutions is a (split) submanifold of G that inherits from G the structure of a symmetric
space with the multiplication map µ(g, h) := gh−1g = ghg (cf. Example 5.1). This is a special
case of Example 5.4 with σ = idG.
(b) Given a Banach algebra A, the set
Invol(A) := {x ∈ A : x2 = 1}
of involutions coincides with the set of involutions of the open unit group A×. Hence it carries
the structure of a symmetric space (cf. (a)). The multiplication µ is given by µ(x, y) := xyx.
Example 5.6 (Grassmannians). (a) Given a Banach space E, let Gr(E) denote the set of
all closed subspaces that split in E. For every subspace F2 of E, let UF2 denote the set of all
closed subspaces F1 of E that complement F2, i.e., E = F1⊕F2. For each such pair (F1, F2),
we define a bijection
ϕ(F1,F2) : UF2 → L(F1, F2)
that maps every F ∈ UF2 to a continuous linear map f ∈ L(F1, F2) such that the subspace
F of E = F1 × F2 is the graph of f . The charts ϕ(F1,F2) turn Gr(E) into a smooth Banach
manifold (cf. [Bou07, 5.2.6]).
For each decomposition E = F1 ⊕ F2, let σ(F1,F2) be the reflection in F1, i.e.,
σ(F1,F2)(x1 ⊕ x2) = x1 ⊕ (−x2)
for all x1 ⊕ x2 ∈ F1 ⊕ F2. If we equip the open submanifold
D = {(F1, F2) ∈ Gr(E)
2 : E = F1 ⊕ F2}
of Gr(E)2 = Gr(E)×Gr(E) with the multiplication
µ((F1, F2), (F
′
1, F
′
2)) = (σ(F1,F2)(F
′
1), σ(F1,F2)(F
′
2)),
then it becomes a symmetric space.
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(b) Given a scalar product on E that turns it into a Hilbert space, the Grassmannian
Gr(E) can be considered as a submanifold of D according to the embedding ι : F 7→ (F,F⊥).
Indeed, for each (F,F⊥), the chart
ϕ(F,F⊥) × ϕ(F⊥,F ) : UF⊥ × UF → L(F,F
⊥)× L(F⊥, F )
of Gr(E)2 at (F,F⊥) maps the set (UF⊥ × UF ) ∩ ι(Gr(E)) to the closed subspace
{(f, g) ∈ L(F,F⊥)× L(F⊥, F ) : f + g∗ = 0},
which is complemented by
{(f, g) ∈ L(F,F⊥)× L(F⊥, F ) : f − g∗ = 0}.
Being stable under products, Gr(E) becomes a symmetric space.
This can be seen also more directly by defining σF to be the reflection in F , i.e.
σF (x1 ⊕ x2) = x1 ⊕ (−x2)
for all x1 ⊕ x2 ∈ F ⊕ F
⊥ = E, and by defining the multiplication
µ(F1, F2) := σF1(F2)
on Gr(E). The finite-dimensional case is dealt with in [Loo69, pp. 66, 67].
Remark 5.7. Given a Banach space E, we consider the Banach algebra L(E) of endomor-
phisms of E. Each involution A ∈ L(E) corresponds to a decomposition E = F1 ⊕ F2 given
by F1 = ker(A− idE) and F2 = ker(A+ idE). The symmetric spaces
D = {(F1, F2) ∈ Gr(E)
2 : E = F1 ⊕ F2}
and Invol(L(E)) are isomorphic.
The following proposition shows that the tangent bundle of a symmetric space carries a
natural symmetric space structure.
Proposition 5.8 (cf. [Nee02, Prop. 3.3]). Let (M,µ) be a symmetric space and identify
T (M ×M) with TM × TM . Then (TM,Tµ) is a symmetric space. In each tangent space
TxM , x ∈M , the product satisfies v·w = 2v−w. For every morphism f : (M1, µ1)→ (M2, µ2)
of symmetric spaces, the tangent map Tf is a morphism from (TM1, Tµ1) into (TM2, Tµ2).
Thus T is a covariant endofunctor of the category of symmetric spaces.
A smooth vector field ξ : M → TM is called a derivation if it is a morphism of symmetric
spaces. This can be rephrased by saying that ξ × ξ and ξ are µ-related vector fields. We
denote the set of all such derivations by Der(M,µ). By the naturality of the bracket product,
it can be easily checked that Der(M,µ) is a Lie subalgebra of the Lie algebra V(M) of smooth
vector fields (cf. [Ber08, I.5.7]).
5.2 The Lie Triple System of a Pointed Symmetric Space
A Banach–Lie triple system, simply called a Lie triple system, is a Banach space m with a
continuous trilinear map [·, ·, ·] : m3 → m such that
(1) [x, x, y] = 0,
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(2) [x, y, z] + [y, z, x] + [z, x, y] = 0 and
(3) [x, y, [u, v, w]] = [[x, y, u], v, w] + [u, [x, y, v], w] + [u, v, [x, y, w]]
for all x, y, z, u, v, w ∈ m. Given two Lie triple systems m1 and m2, a continuous linear map
A : m1 → m2 is called a morphism of Lie triple systems if it satisfies A[x, y, z] = [Ax,Ay,Az]
for all x, y, z ∈ m1.
Proposition 5.9. Let g be a Banach–Lie algebra and σ an involutive automorphism of g,
i.e., σ2 = idg. Then g can be written as the direct sum g = g+ ⊕ g− of the Banach spaces
g+ := ker(σ − id) and g− := ker(σ + id). We have the rules
[g+, g+] ⊆ g+, [g+, g−] ⊆ g−, and [g−, g−] ⊆ g+,
and g− becomes a Banach–Lie triple system by
[x, y, z] := [[x, y], z].
Proof: In [Loo69, p. 78], O. Loos states this in case of Lie triple systems and Lie algebras
not equipped with a topological structure. In our case, the assertion remains true, as we
simply have to check the continuity of [·, ·, ·], which immediately follows by the continuity of
[·, ·] on the Banach–Lie algebra. ✷
The following proposition demonstrates how each tangent space of a symmetric space
inherits a Lie triple structure by an isomorphism with a subspace of Der(M,µ).
Proposition 5.10 (cf. [Ber08, I.5.9]). Let (M,µ, b) be a pointed symmetric space. The
symmetry µb around b induces an involutive automorphism (µb)∗ of the Lie algebra Der(M,µ)
by
(µb)∗ : Der(M,µ) → Der(M,µ)
ξ 7→ Tµb ◦ ξ ◦ µb.
Denoting the (±1)-eigenspaces of (µb)∗ by Der(M,µ)±, we obtain a short exact sequence
0→ Der(M,µ)+ → Der(M,µ) = Der(M,µ)+ ⊕Der(M,µ)− →← TbM → 0
of vector spaces where the map Der(M,µ)→ TbM is the evaluation evb : ξ 7→ ξ(b). It is split
by the map
TbM
∼=
→ Der(M,µ)− ⊆ Der(M,µ)
v 7→ ξv
where ξv(x) :=
1
2Tµ(v, Tµ(0b, 0x)). In particular, we have
Der(M,µ)+ = {ξ ∈ Der(M,µ) : ξ(b) = 0} and Der(M,µ)− = {ξv : v ∈ TbM}.
Theorem 5.11 (cf. [Ber08, I.5.10]). Let (M,µ, b) be a pointed symmetric space. By means of
the linear isomorphism evb |Der(M,µ)− (cf. Proposition 5.10), the tangent space TbM becomes
a Banach-Lie triple system. Given a morphism f : (M1, µ1, b1) → (M2, µ2, b2) of pointed
symmetric spaces, the tangent map Tb1f is a morphism between the respective Lie triple
systems.
Equipped with this additional structure, TbM is called the Lie triple system of (M,µ, b).
We denote it by Lts(M,µ, b) and in shorthand by m. The tangent map Tb1f of the morphism
f : (M1, µ1, b1) → (M2, µ2, b2) is denoted by Lts(f) : Lts(M1, µ1, b1) → Lts(M2, µ2, b2). The
assignment Lts is a functor from the category of pointed symmetric spaces to the category
of Lie triple systems. This functor is called the Lie functor.
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5.3 The Canonical Affine Connection of a Symmetric Space
For every symmetric space (M,µ), we have a canonical affine connection B such that all
symmetries µx, x ∈ M , are affine automorphisms (cf. [Ber08, V.26]). Given any chart
ϕ : U → V ⊆ E of M and a restriction ϕ1 : U1 → V1 ⊆ E of ϕ such that µ(U1 × U1) ⊆ U ,
we denote the multiplication in these charts by µϕ1 : V1 × V1 → V . Then, the local represen-
tation Bϕ1 is given by
Bϕ1x (v,w) =
1
2
d2µϕ1(x, x)((0, v), (0, w)) = −
1
2
d2µϕ1(x, x)((v, 0), (0, w)). (17)
In particular, this affine connection is torsionfree. (Thus it can be described by using a spray,
cf. [Nee02, Th. 3.6].)
Theorem 5.12. Let (M,µ) and (M2, µ2) be symmetric spaces and ∇ and ∇2 the canonical
affine connections on TM and TM2, respectively. Then the following assertions hold:
(1) Let f : M → M2 be a smooth map. If it is a morphism of symmetric spaces then it is
affine. If it is affine and M is connected, then it is a morphism of symmetric spaces.
(2) Aut(M,µ) = Aut(M,∇), if M is connected.
(3) (M,∇) is geodesically complete.
(4) Let α : R→M be a geodesic. For all s, t ∈ R, we have
Tα(t+s)µα(t) = −P
t−s
t+s (α) : Tα(t+s)M → Tα(t−s)M.
(5) Let α : R→M be a geodesic and call the maps τα,s := µα( 1
2
s)◦µα(0), s ∈ R, translations
along α. Then these are automorphisms of (M,µ) with
τα,s(α(t)) = α(t+ s) and Tα(t)τα,s = P
t+s
t (α)
for all s, t ∈ R.
(6) Given a geodesic α : R→M , the vector field
ξα(x) :=
d
dt
∣∣∣∣
t=0
τα,t(x) =
d
dt
∣∣∣∣
t=0
α(12 t) · (α(0) · x)
is an infinitesimal affine automorphism, and τα : (t, x) 7→ τα,t(x) is its flow. The
geodesic α is an integral curve of ξα.
(7) Given a vector v in TbM , b ∈M , let ξv be the vector field from Proposition 5.10 and α
the maximal geodesic with α′(0) = v. Then we have ξv = ξα.
Proof: The assertions (2), (3) and (5) are due to [Nee02, Th. 3.6] in case of connected
manifolds, but where the connectedness is not necessary for (3) and (5). The proof of (1)
works in almost the same manner as the one of (2). Note that [Nee02] works with sprays.
The assertions (4) - (6) follow from [Lan01, XIII, Prop. 5.3 - 5.5] whose proofs do also work
in our context. Finally, we show (7) by an easy computation:
ξα(x) =
d
dt
∣∣
t=0
α(12 t) · (α(0) · x) = Tµ(
d
dt
∣∣
t=0
α(12 t), 0b·x) = Tµ(
1
2α
′(0), Tµ(0b, 0x))
= 12Tµ(v, Tµ(0b, 0x)) = ξv(x).
✷
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Remark 5.13. The preceding theorem shows that symmetric spaces satisfy the conditions
for an affine locally symmetric space in the sense of S. Helgason (cf. [Hel01, Ch. IV, §1]). The
symmetries coincide with the geodesic symmetries.
Theorem 5.14 (cf. [Ber08, p. 137]). Let (M,µ, b) be a pointed symmetric space with Lie
triple system m and curvature tensor R. Then we have
[v,w, z] = −Rb(v,w, z)
for all v,w, z ∈ m.
Corollary 5.15. Let (M1, µ1, b1) and (M2, µ2, b2) be pointed symmetric spaces, R1 and R2
their curvature tensors and m1 and m2 their Lie triple systems, respectively. Then a continu-
ous linear map A : m1 → m2 is a morphism of Lie triple systems if and only if it intertwines
the curvature tensors in b1 and b2 in the sense that
A ◦ (R1)b1 = (R2)b2 ◦A
3.
Proposition 5.16. Given a symmetric space (M,µ), its curvature tensor R is parallel on
M , i.e., ∇uR = 0 for all vectors u ∈ TM .
Proof: Cf. the proof of [Lan01, Prop. XIII.6.2]. ✷
Proposition 5.17 (cf. [Loo69, p. 84]). Let (M,µ) be a connected symmetric space. A smooth
vector field ξ on M is a derivation if and only if it is an infinitesimal affine automorphism
with respect to the canonical affine connection on TM , i.e., we have Der(M,µ) = Kill(M,∇).
Proof: Der(M,µ) ⊆ Kill(M,∇): Given a derivation ξ ∈ Der(M,µ), we shall check that
for each point b of M , there is a chart ϕ1 : U1 → V1 ⊆ E at b such that the equation (2)
of Section 2.3 is satisfied. For this, we consider some chart ϕ : U → V ⊆ E at b and let
ϕ1 : U1 → V1 ⊆ E be a restriction of ϕ such that b ∈ U1 and µ(U1 ×U1) ⊆ U . We denote the
multiplication in these charts by µϕ1 : V1×V1 → V . The vector field ξ being a morphism, we
have ξ ◦ µ = Tµ ◦ (ξ × ξ), which locally means
ξϕ(µϕ1(x, y)) = dµϕ1(x, y)(ξϕ(x), ξϕ(y))
for all x, y ∈ V1. By taking the derivative with respect to x in any direction v ∈ E, we obtain
dξϕ(µϕ1(x, y))(dµϕ1(x, y)(v, 0)) = d2µϕ1(x, y)
(
(ξϕ(x), ξϕ(y)), (v, 0)
)
+ dµϕ1(x, y)(dξϕ(x)(v), 0).
We then take the derivative with respect to y in any direction w ∈ E and get
d2ξϕ(µϕ1(x, y))
(
dµϕ1(x, y)(v, 0), dµϕ1 (x, y)(0, w)
)
+ dξϕ(µϕ1(x, y))
(
d2µϕ1(x, y)((v, 0), (0, w))
)
= d3µϕ1(x, y)
(
(ξϕ(x), ξϕ(y)), (v, 0), (0, w)
)
+ d2µϕ1(x, y)
(
(0, dξϕ(y)(w)), (v, 0)
)
+ d2µϕ1(x, y)
(
(dξϕ(x)(v), 0), (0, w)
)
.
By putting y := x and applying (17) and Proposition 5.8, we obtain
d2ξϕ(x)(2v,−w) + dξϕ(x)(−2Bϕ1x (v,w))
= −2dBϕ1(x)(ξϕ(x))(v,w) − 2Bϕ1x (v, dξ
ϕ(x)(w)) − 2Bϕ1x (dξ
ϕ(x)(v), w)
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for all x ∈ V1 and v,w ∈ E, which entails the required equation when multiplying the two
sides by (−12 ).
Kill(M,∇) ⊆ Der(M,µ): Given an infinitesimal automorphism ξ, we know from Theo-
rem 5.12(3) and Theorem 2.3 that it is complete. Being affine automorphisms, the flow maps
Flξt : M → M are also automorphisms of symmetric spaces, by Theorem 5.12(2). Therefore
we have
ξ(x · y) = d
dt
∣∣
t=0
Flξt (x · y) =
d
dt
∣∣
t=0
Flξt (x) · Fl
ξ
t (y) = Tµ(
d
dt
∣∣
t=0
Flξt (x),
d
dt
∣∣
t=0
Flξt (y))
= Tµ(ξ(x), ξ(y)) = ξ(x) · ξ(y),
hence ξ is a derivation. ✷
Corollary 5.18. Let (M,µ) be a connected symmetric space. The Lie algebra Der(M,µ) of
derivations can be turned into a Banach–Lie algebra according to Proposition 2.2: Its Banach
space structure is uniquely determined by the requirement that for each p ∈ Fr(M), the map
Der(M,µ)→ Tp(Fr(M)), ξ 7→
d
dt
∣∣∣∣
t=0
Fr(Flξt )(p)
is a closed embedding.
Corollary 5.19. Let (M,µ) be a symmetric space. Every derivation ξ ∈ Der(M,µ) is com-
plete.
Proof: We can without loss of generality assume that (M,µ) is connected, as the matter of
local flows takes place in connected components. We then know from Theorem 5.12(3) and
Theorem 2.3 that ξ is complete. ✷
5.4 Integration of Morphisms of Lie Triple Systems
In the light of Theorem 5.12(1), it is clear that two morphisms f, g : (M1, µ1, b1)→ (M2, µ2, b2)
of pointed symmetric spaces that satisfy Lts(f) = Lts(g) are equal if M1 is connected. Con-
sidering morphisms of Lie triple systems, the following theorem deals with the existence of
integrals.
Theorem 5.20 (Integrability Theorem). Let (M1, µ1, b1) and (M2, µ2, b2) be pointed sym-
metric spaces with Lie triple systems m1 and m2, respectively, and let A : m1 → m2 be a
morphism of Lie triple systems. If M1 is 1-connected, i.e., connected and simply connected,
then there exists a unique morphism f : M1 →M2 of pointed symmetric spaces that satisfies
Lts(f) = A.
Proof: We equip the tangent bundles with their canonical affine connections and apply
Theorem 4.17, Theorem 5.12, Corollary 5.15 and Proposition 5.16. ✷
5.5 The Automorphism Group of a Symmetric Space
Lemma 5.21. Let (M,µ) be a connected symmetric space. The automorphism group
Aut(M,µ) acts transitively on M .
Proof: Due to Theorem 5.12, there are translations along geodesics. As M is geodesically
connected (cf. Lemma 4.2), each point of M can be mapped to any other one by composing
translations. ✷
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Theorem 5.22. Let (M,µ) be a connected symmetric space. The automorphism group
Aut(M,µ) can be turned into a Banach–Lie group such that
exp: Der(M,µ)→ Aut(M,µ), ξ 7→ Fl−ξ1
is its exponential map. The natural map τ : Aut(M,µ)×M →M is a transitive smooth action
whose derived action is the inclusion Der(M,µ) →֒ V(M), i.e., −Tτ(idM , x)(ξ, 0) = ξ(x).
Proof: This theorem is a direct consequence of Theorem 2.4, Theorem 5.12, Proposition 5.17
and Lemma 5.21. ✷
Proposition 5.23. Let (M,µ, b) be a pointed connected symmetric space. The short exact
sequence
0→ Der(M,µ)+ → Der(M,µ) = Der(M,µ)+ ⊕Der(M,µ)− →← TbM → 0
of vector spaces (cf. Proposition 5.10) is actually one of Banach spaces.
Proof: The evaluation map evb : Der(M,µ) → TbM is continuous by Theorem 5.22 and
hence, Der(M,µ)+ = ker(evb) is a closed subspace of Der(M,µ). To see that Der(M,µ)− =
ker((µb)∗ + idDer(M,µ)) is closed, too, we shall check that
(µb)∗ : Der(M,µ)→ Der(M,µ), ξ 7→ Tµb ◦ ξ ◦ µb
is continuous and shall do this by proving L(cµb) = (µb)∗, where
cµb : Aut(M,µ)→ Aut(M,µ), g 7→ µb ◦ g ◦ µb
denotes the conjugation map. We have to verify that µb ◦ Fl
−ξ
t ◦µb = Fl
−(µb)∗ξ
t for all t ∈ R.
This is true by the general fact that the flow of the push-forward of a vector field is the
push-forward of its flow (cf. [AMR88, Prop. 4.2.4]). ✷
Theorem 5.24 (Homogeneity of connected symmetric spaces). Let (M,µ) be a connected
symmetric space with automorphism group G := Aut(M,µ). Given b ∈ M , the stabilizer
subgroup Gb ≤ G is an open subgroup of the group G
cµb of fixed points in G for the involution
cµb on G given by cµb(g) := µb ◦ g ◦ µb. The symmetric space G/Gb (cf. Example 5.2) is
ismorphic to M via the isomorphism Φ: G/Gb →M given by Φ(gGb) := g(b).
Proof: Given g ∈ G, we have g ◦ µb = µg(b) ◦ g, so that g ∈ G
cµb if g(b) = b. Hence, the
stabilizer Gb is a subgroup of G
cµb .
To see that Gb is open in G
cµb , we shall prove that Gb = τ
−1
b (U) ∩ G
cµb for the orbit
map τb : Aut(M,µ)→M, g 7→ g(b), where U is an open neighborhood of b such that b is an
isolated fixed point of (µb)|U . Given g ∈ G
cµb , the point τb(g) = g(b) is a fixed point of µb,
so that τb(g) ∈ U if and only if g(b) = b. This shows Gb = τ
−1
b (U) ∩G
cµb .
It is clear that the map Φ is well-defined and injective. Its surjectivity follows by the
transitivity of the natural action of G on M .
Due to Φ ◦ q = τb with the quotient map q : G → G/Gb, the map Φ is automatically
smooth, as q is a submersion. To see the smoothness of the inverse map Φ−1, we shall show
that τb is a submersion. By Theorem 5.22, we have TidM τb = − evb with the evaluation map
evb : Der(M,µ) → TbM , so that τb is submersive at idM , the map evb being surjective with
splitting kernel (cf. Proposition 5.23). For every g ∈ G, we have τb = g ◦ τb ◦λg−1 , where λg−1
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is the left multiplication with g−1 in G, whence τb is submersive at g, too. Therefore, τb is a
submersion.
Finally, we check that Φ is a homomorphism:
Φ(gGb · hGb) = Φ(gcµb(g)
−1cµb(h)Gb) = (gµbg
−1µbµbhµb)(b) = (gµbg
−1)(h(b))
= g
(
b · g−1(h(b))
)
= g(b) · g
(
g−1(h(b))
)
= Φ(gGb) · Φ(hGb).
✷
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